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Preface 


This issue of the journal is devoted to the proceedings of the fourth International Con- 
ference on Number Theory and Smarandache Problems held in Xianyang during March 22-24, 
2008. The organizers were myself and Professor Chaofeng Shi from Xianyang Normal University. 
The conference was supported by Xianyang Normal University and there were more than 100 
participants. We had three foreign guests, Professor K.Chakraborty from India, Professor F. 
Luca from America and Professor S$. Kanemitsu from Japan. The conference was a great success 
and will give a strong impact on the development of number theory in general and Smarandache 
problems in particular. We hope this will become a tradition in our country and will continue 
to grow. And indeed we are planning to organize the fifth conference in coming March which 
may be held in Huizhou, a beautiful city of Guangdong. 

In the volume we assemble not only those papers which were presented at the conference 
but also those papers which were submitted later and are concerned with the Smarandache type 
problems or other mathematical problems. 

There are a few papers which are not directly related to but should fall within the scope 
of Smarandache type problems. They are 1. R. Zhang, An improved continuous ant colony 
algorithms for water-reusing network optimization; 2. X. Zhang, Y. Zhang and J.Ding, The 
generalization of sequence of numbers with alternate common differences; 3. L. Li, Stability of 
Wegl-Heisenberg frames; etc. 

Other papers are concerned with the number-theoretic Smarandache problems and will 
enrich the already rich stock of results on them. Readers can learn various techniques used in 
number theory and will get familiar with the beautiful identities and sharp asymptotic formulas 
obtained in the volume. 

Researchers can download books on the Smarandache notions from the following open 
source. 

Digital Library of Science: 


www.gallup.unm.edu/~Smarandache/eBooks-otherformats.htm. 





Wenpeng Zhang 


iv 


The Fourth International Conference on Number Theory 


and Smarandache Problems 





The opening ceremony of the conference is occurred in Xianyang Normal University 
(http://www.xysfxy.cn), which is attracting more and more people from other 
countries to study Chinese Calligraphy, Chinese Drawing and Chinese Culture. 


Professor Chengjun Yang: 





vi 


Professor Florian Luca: 





Professor Kalyan Chakraborty: 
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Professor Wenpeng Zhang: 
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The Fourth International Conference on Number Theory and Smarandache Problems 
is held in Xianyang, the capital of Qin Dynasty, which is famous for the historical 


culture. 
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On a problem of the Schur 
Yani Zheng? ¢ 


‘Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China 
y: 
*Department of Mathematics, Xianyang Normal College, Xianyang, Shaanxi, P.R.China 


Abstract For any positive integer n, let r be the positive integer such that the set 
{1, 2, --- , r} can be partitioned into n classes, and no any class contain integers x, y, z 
with «” = z. In reference [1] (See Problem 57), Schur asked us to find the maximum r. In this 
paper, we use the elementary methods to study this problem, and give a sharp lower bound 
estimates for r. 


Keywords Schur’s problem, partition, lower bound. 


81. Introduction and result 


For any positive integer n, let r be the positive integer such that the set {1, 2, ---, ri} can 
be partitioned into n classes, and no any class contain integers x, y, z with z¥ = z. In reference 
[1], Schur asked us to find the maximum r. At the same time, he also proposed two similar 
problems: Let r be the positive integer such that the set {1, 2, ---, r,} can be partitioned 
into n classes, and no any class contain integers z, y, z with «+ y = z (or zy = 2). 

These problems are interesting, because they can help us to study some important partition 
problems. About these problems, Liu Hongyan and Zhang Wenpeng [2] had studied cases x¥ = z 
(x+y = 2), and proved the estimates r > n"*? (r > 2”*'). Liu Huaning and Zhang Wenpeng 
[3] studied the case xy = z, and obtained the lower bound estimates 


r> me 


where € is any fixed positive number. 

In this paper, we use the elementary methods to study the Schur’s problem in case x¥ = z, 
and give a sharper lower bound estimates for r. That is, we shall prove the following conclusion: 

Theorem. For any positive integer n > 2, let r be the maximum positive integer such that 
the set {1, 2, --- , r} can be partitioned into n classes, and no any class contain integers x, y, z 
with x¥ = z. Then we have the estimates r > 2"n”. 

For any integer n > 5, it is clear that 2” > n?. So our Theorem improved the lower bound 


estimates in reference [2]. 


§2. Proof of the theorem 


In this section, we shall use the elementary methods to prove our Theorem directly. First 
for any positive integer 1 <_m <n, taking r = 2"n™. Then partition the set {1, 2, ---, r} 
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into n classes as follows: 


class 1: 1, n+1,n+2,---,2n™. 

class 2: 2,20" 4-1, 2n™ 42, «++, 270, 

class 32 3,2?n™ 4:1, 270 +9, «++, 2'n™, 

class ke Kh, BP nl 1, OP nl Ee, one ™, 
class: m2 1, 27-1 n™ 41, 2° -1n™ +9, «+: 2" n™. 





For any integer 2 << k < n, it is clear that no integers x, y, z satisfying «¥ = z in class k. 


In fact for any integers x, y, z in class k, we have 
k-1,m 
a > (2h-In™ 4.1)¥ > 2'n™ > z org > kh? Nt > g, 


So there does not exist zx, y, z in class k such that the identity 7” = z. 


2 n+1 n+1 
If k = 1, note that m <n, me ) a >1, (n>m, m> 1), and if m = 1, then 
mr n™ 
n+2 


(n+2)"t! > 2”. So we have (n+ 2)"*! > 2n™. Similarly, we also have (n + 1) 
there does not exist x, y, z in class 1 such that the identity x¥ = z. 





> 2n™. So 


This completes the proof of our Theorem. 
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The asymptotic formula of > I(n)' 


Nx 


Lingling Wang 
School of Mathematical Sciences, Shandong Normal University 
Jinan, 250014, P.R.China 


Abstract The aim of this short paper is to establish an asymptotic formula for the sum 


atl 
> I(n), where I(n) is the multiplicative function such that I(p*) = : 


aa holds for any 





n<ax 


integer a > 1 and any prime p. 


Keywords Integral function, mean value, asymptotic formula. 


81. Introduction 


Let I(n) be the multiplicative function such that for any prime p and any integer a > 1, 


one has 





sa a atl’ 


In her doctoral thesis[2], Wang Xiaoying proved that 
> U(m)I(n) = Cz8 + O(@°/?**), 


mn<xr 


where C is an explicit constant. 
In this short paper we shall study the sum ye I(x). Our main result is the following 


n<ux 


Theorem. Let No > 1 be a fixed integer , then we have 


No 
S- I(n) = 23 log? x (>: clog « + O(log“! ) ; 


n<ux i=l 


where c;(i > 1) are computable constants. 
Notations. In this paper, ¢(s) denotes the Riemann zeta-function. For any z € C, let 
d,(n) denote the general divisor function defined by 


: d,(n)n-* = C7(s) = e7 8S), Rs > 1, 


n=1 


where log ¢(s) satisfies log 1 = 0. 





, This work is supported by National Natural Science Foundation of China (Grant No. 10771127) and 
National Natural Science Foundation of Shandong Province(Grant No. 2006A31). 
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§2. Proof of the theorem 


In order to prove our Theorem , we need the following Lemma 1, which can be found in 
Ivié[1], Chapter 14. 

Lemma 1. Let A > 0 be an arbitrary but fixed real number , and let N > 1 be an arbitrary 
fixed integer . If | z |< A then uniformly in z 


DAs) => > 4,(n) 


n<ux 
= ¢1(z)zlog?' x + co(z)rlog* * 2 + ...... + cn(z)@ log? a 
+O (elag**-*—-* 2); 


where c;(z) = Bj_-i(z)/T(z-j+1)(j = 1,2,--- , N), and B;(z) is a regular function in | z |< A. 
Now we begin to prove our Theorem. For ¥s > 4, define 


fe) = 0, 





n 


Since I(n) is multiplicative, we have 


fey = SM ATTA ad 














ome : pos 
1 ~ 1 
= 1+ 
II 2ps—2 2d (a +4 neerer| 





CO 


“TI (-p4) Wz) (ge Sei) 


Pp a=2 








where 








i \2 a 1 
G(s) “Il (1 ==) (: ! Qps—2 ! > a 


a=2 


Write 





ns ¢ 
n=1 


5 
It is easy to check that the finite series of G(s) is absolutely convergent for a > 5 and hence 





we have 
S> | a(n) |« 22, (1) 
n<ux 
Notice that ce 24 (n) 
1 ue a(n SS nedil(n 
C62 =e 


n=1 n=1 
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n<ax 





Using the hyperbolic summation method we have 


Soin) = So di (kal) (2) 


n<x kl<a 


So FP d1(k) a(l) 


1<k<Ve 1<I<§ 


+ S° afl) Kdi(k)— > kdi(k) SO) afl) 


1<Il< Ja 1<k<F 1<k< Ve 1<Il< Ja 


= Dy Dig a 


say. From Lemma 1 and (1), for }7, and }°, we have 


and 


1<k< Je 1<I<. Je 1<k< Je 
ae gil 
< gate s4 (5) az? log? Ja+22 log 2? Na 
j=l 
<aate 


2 


>» = 3 a(l) x k? da (k) 


II lI 
Me 

o «AM 
®Q. 

a 3 

Nl Re ~~ 
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“IM 

i 8 
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= ae 
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a aoe 
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Suppose M > 1 is a fixed positive integer, we have 


1 
, log 1 \ 274 
> ar sgi (7) = DY ule ® 














1<I< Vz 1<Ii< Ve 
M_ ¢(m) m M+1 
FP "(0) (logit log’ **] 
1<I< Ve m=0 8 Oe a 
M (m) 
a is 2-i-me S* alli log™ 1 
m=o 1<l< Ja 








1<l< Ja 
M (m) co 
f; (0) i_j_m m 
= x a log? x) ~a(ljl *log™ I 
m=0 l=1 
M (ml (9 
10 | fj gee oe | a(Z) a= 3 log™ | 
m=0 ml I>J/a 
+0 [log-2-3-M az S~ | a(t) | Slog 411 
1<l< VE 
F 9 1_. 1 
where for simplicity we wrote f;(t) =(1—t)?-7, te o 5) 


It is easy to see that the infinite series ». a(l)l~? log” 1 is convergent. So we can write 
i=1 


M (m) 0 co M : 
f O10 g2 4 ae yall II? log" l= > Cm log? I-™ a, 
; l=1 m=0 


m=0 





where 





Cm = — S¢ af) log 1. 
Using Abel’s summation formula we have 


] mm 
S~ Jali) | log™i «x SS, 
v4 





€ 


I>VJa 
sO 
(™) (9 
es Nog a S| all) | Fog 
m=0 I>J/a 
log? 4 
< aie 


“va 
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n<ax 





Furthermore we can get 


2-3 


M 

»» a(i)I-* log? 7 (=) = \* cmlog?--™ x + O (“= + O(log 2-I-™ g) 

Isis ve m=0 x 
M 

= S- Cm log? -I-™ 2 i O(log72-3-™ a), 


m=0 





Combining the above estimates we have 


N 


1 tad i 
_ : 3 53—-j-m 
y : = C3 (5) x | on log? x (5) 
N 1 a M . 
+O y C3 (5) x? log-2-I-™ x}|]+0O ( y Cmax? log- 2-N-™ *) 


m=0 


N M 1 _ 
= EX 4 (z) nettle 

j=1 m=0 
+O («° log 2~™ x) + O(2° log 2—N x) 


where ¢; = oe 5) Cm, No =min(N, M +1). 
Combing the estimates (2)-(5), this completes the proof of Theorem. 


a 
jai 
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Abstract This paper discussed recurrence formula and sum formula of residual sequence 
He, 


: tk ; rae 
Keywords Natural sequence, residual sequence He ) recursion, summarizing. 


81. Introduction 


For natural sequence {n}, if its cycle is t(t €¢ N,t > 2), deleting multiple terms of t from 
{n}, the new sequence made up of all residual number is called the first residual sequence of 
t-order. For the first residual sequence of t-order, same method is repeated, the new sequence is 
called the second residual sequence of t-order. Carries on k times similarly repeatedly, we can 
get the k-th residual sequence of t-order, denote (HP) where He) denote the n-th term of 
the k-th residual sequence of t-order. 


-1 
(amnia: 1b == [=| (t,m,n € N,and ttn), then n = m+ E a 


t 
Proof. Since ¢ | n, suppose n = qt +r, where 0 <r < t, and [=| = q, then, according to 








oa 
the premise, m= qt+r—q,m—1l=q(t—1)+r 1,80 [4] =|" a 


m— 
t-—1 





Take this to the condition, we get n = m+ | I So this completes the proof of 


Lemma. 


Theorem 1. H®)) =n+ | 


-—1 
— is called general term formula of (HEY, 
ROO oN RDM DTM [F)) term of the first residual sequence of 
t-order. i.e. 
Hil) — Aey  _ i 


oe Po 
t 





-1 
according to the Lemma, n = m+ E i | . So, 





hence, 
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Theorem 2. The first recurrence formula of (Heh) is 


He) = BORD (p= 1,9...) 
n n+[2=2]! 4 9 i 


The second recurrence formula of {HE} is 





(t,k—-1) 
A, -—1 
Hobe) — pylt.k—-1) . k=-1,2,---): 
n n 1 t = 1 ( ? 3 y 
Proof. First, prove the first recurrence formula. HEY is the n-th term of the k — 1-th 
residual sequence of t-order, when t jn, then, Hee) is the m-th (m =n—- [=]) term of the 


k-th residual sequence of t-order. i.e. 
Hi) = Hee"), 
According to the Lemma, 


HY = HOD, 
m+| t—1 ] 





HY aH (eS 1,254): 


n+[F=t] 
Second, prove the second recurrence formula. 
When k = 1, t} n, according to the Theorem 1 and definition, 


(t,0) 

—1 H, —1 

HeY = a = Att.) ig 
a Ore i ee ae a 





When k = 2, t} n, according to the deduce process of Theorem 1, 


n= Hy = HOY, HEY = Hi = HE. 


And 





-—1 


+ 


HEY) ant E 7 , 
sO, 


Hit?) — pts.) 





AY) 4 


Ht?) — pts.) 





Hoy 4 


Hee) _ 


Suppose when ttn, H) = HG@R-Y) 4 =a 





1 
| is true. Then 


(t,k-1) 1 


t-1 
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and according to the deduce process of Theorem 1, 














H&k-Y) — alee = HG») 
SO, 
(t,k) 
HbR+1) _ HG) 4 An, -—1 
= 7 t—1 , 
Le. ea 
ph k+1) — py tsk) Ay” —1 
Above all, the second recurrence formula is true. 
Theorem 3. The sum of the formula n terms of {HY} is 
steiics HEY Ae) 41) — (AY — nH? —n 40 
-—1 
Proof. Since He) =n+ Ee , so, the former n terms of the first residual sequence of 
F . . n—1 n—-1 
t-order is the residual terms by deleting [a terms (t,2t,--- , [> t) from the former 
n+ — terms of natural sequence {n}. 
We denote 
n—1 n-1 
gi(t-0) 1424 ( n—1 _ (n+ [a=] m+ [a=] i 1) _ HEY Ae) +4 1) 
Be eT ead |e 2 ~ 2 


gl) — He) 4+ Hed deacicts HE), 


nm 








oC er ee (t,1) (t,1) 
OD ee 5pGe a || 1) [2] _ (An = n)(An’ — n+ Ut 
Sima) $4 364 [FS 5 5 ; 
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Abstract In this paper, we prove some new recurrence formulas for the generalized Euler 


numbers EM) : 


Keywords The Euler numbers, the generalized Euler numbers, recurrence formula. 


81. Introduction and results 


For a real or complex parameter «, the generalized Euler numbers E®) are defined by the 
following generating functions (see [1]): 


(s25) =r (1) 


or 
(sect) = Ee ae (2) 


(If x is a nonnegative integer, then Ef) are called Euler numbers of order x (see [2-4]).) 
By (1), we have EP) = 0 (n > 0). The numbers ES. ) = Eo, are the classical Euler 


numbers. By (1) or (2), we can get 


Ey eee Foy, 
ES) = (2n)! S Fan, +++ aug a 
: Vea ! 
v1 >0,-++ vn >0 (2v;)! (uz)! 
vyte+uR=n 


where &; is a positive integer. 
The Euler numbers F2,, satisfy the recurrence relation 


n-1 
2n 
Ey=1, Em=->~ (oe) Ex, (4) 


k=0 


so we find E, = —1, FE, =5, Eg = —61, Es = 1385, Ey = —50521, E,2 = 2702765, ---. 
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By the mathematical induction, all the Euler numbers Eo, F2, E4,--- are integers. By (3), 
(k) . ; 
we know that E,,, is an integer. 


In [5], Liu obtained some recurrence formulas for the generalized Euler numbers B®), 
( ) Lg (2K +1 < (2n ( ) 
2k+1 2n—25 p(2k+1 
ee =-s D( : 3 (3 )ek+ 1-20) rE Oe (5) 
h=0 j=0 
and 
( ) 1 (2k +2 = a ( ) 
2k+2 In—27 2k+2 
EYE?) _ -sex ( ‘ ) (3 )ok+ 2-20) aaa (6) 
h=0 j=0 


where n > 1, k > 0 are integers. 


The main purpose of this paper is to prove some new recurrence formulas for the generalized 


Euler numbers. That is, we shall prove the following main conclusions. 


Theorem 1. Letn>1,k >1,m> 1 are integers. Then we have 


n—-1 


k 1 ni {2m . (Kk k 
Bg = ay (5) om4 1) a ome HP, 
j=0 





(l—(Qm+1 2j 
where (Hi) (m)} can be defined by the generating function 


s HM) (m) — = (sect cos mt)*, (8) 
n=0 . 


Taking k = 1,2 in Theorem 1, we may immediately deduce the following 


Corollary 1. Let n>1,m> 1 are integers. Then 


2 RS /2n 23 . m—ifg;\2n—25 
B= ogy Dy (3) Om+0) (ro ) es ” 


and 


(2) _ 2 (2 25 = i \ (5) 2n—2j (2) 
Eom = Tom t yy (3 Jems 1) (se-0 (2m + 1 — 4)(24) Jas » io) 


(k) 
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Curiously, we find that the following recurrences are special cases of Corollary 1. 














geet Sy (an\ (3\ 7 
Eo, = —— = Fa;, 
mn (= 3) yy i) () 2 
eet 5 fan\ (a \" , 
Lon = ——— bad 92n—2j _ 1) KB. 
° aay (35) () Mics 
pad. 2 (an f Ty . 
E. = a 32n—2j _ g2n—25 +1)E>; 
a7 2 (35) (3) | as 
got <a (9\* 
Eon = = ( ’ (5) (ers _ 32n—25 cs g2n—2j 
(1 — 92”) = 2] 2 
(2) LS (2n (2) 
E 2) _ 2j (g4n+1—4j _ 92n+2—-25) pp 2 
B= aay EG) ) Bas 
j=0 
(2) 2 = 155, 
BY) — 25 42n—2j Qn-2j __ g2n+2—-2j _ 
2 = aa L(g) Or +8 
j=0 
Theorem 2. Let n>1,k > 1 be integers. Then 


(k+1) _ A (n (k) (k) 
a3 (0) (a ttt) 
j=0 


(k41) = 2n 
ait = (Gi) + 
j=0 


By the inversion principle (see [6]) 


3 (Sa, Shas yay*(2) bi, 


or 


Remark 1. 


j=0 k=0 
we may rephrase (11) as 
. pet) — pe 4 Lp 
we ae \B J = Ef + pent 
g=0 
or 
2 
>> (7) at = of 
2) 
j=0 
and 


n—1 

2n—1 k+1 k 
ky ( i es )— BE), 
j=0 \ “4 


§2. Proof of the Theorems and Corollary 


Proof of Theorem 1. Recall the generating function (sec t)* 


cos(2m + = i 


(sec t)* = (sec(2m + 1)t)* ( a 


—1)E5;, 


2. 62"-2/) By. 


(13) 


(14) 


n (2). Then, writing 
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and forming the Abel convolution, we find that 


k “ 2n k k 
BW = 2 <) (m+ 1H? ,(om + BY. 
Separating the term with 7 = n and solving, we obtain (7). 
This completes the proof of Theorem 1. 
Proof of Corollary 1. It suffices to find closed form of HS (2m +1) fork =1,2. We 
may rewrite the generating function (8) in the form 


k 
2m+1 


S- (a1) tet eat 


j=l 
by straightforward transformation. By multinomial expansion we obtain 


Ri eee me amt 2m+1 


: S> ((2m+2—27)v,)"", 





HM) (2m +1) = 


Lays lecacs 
ee eer U,-U2: V2m+1: j=l 
vite t+vamsi=k 
(15) 
Hence we may immediately get 
HS) (2m + 1) = (-1)?2 S0(-1)™-#(2k)?" (16) 
k=1 
and 
2m+1 
HS? (2m +1) =(-1)" | So (4m+4—4k)?" +2 SS (-1)4*(4m 4+ 4—2(1 +k)?” 
k=1 1<k<l<2m+4+1 


Then in the second identity, we divide the sums according to the parity of k and of k+1= 4. 
Then we obtain 


m m—-1 m 
Hp) (2m +1) = (-1)"2 (S2u0 + $° (2m — 2k)(4k)?” — S “(2m + 2 — 2k)(4k — apr), 
k=1 k=1 k=1 


whence after simple calculation, 
H®) (2m +1) = (—1)"22"41 yi kam +1—k)k”. (17) 


Substituting (16) or (17) in (7) completes the proof of Corollary 1. 


k 
Proof of Theorem 2. Let f,(t) = (=2) . Then in order to find f,41(t), we are 
naturally led to differentiate it. 
Since we have 
d ape 
qi) = OF( =k) (et +e*) k-1 (et _ e~*) 


= —kfy(t) + ke fryi(d), 
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it follows that 
ld 
41(t) = et t)+ ——fx(t 
fn) =e (H)+ E EHO) 
and it remains to form the Abel convolution of e’ and 
1d = Ione \ 
th+——f,(t) = BO) pope), )\o, 
Fal) + hal =D (BO + pe) 


(12) follows from the classifying the values of 7 modulo 2 and recalling that all odd indexed 
Euler numbers of order k are 0. 
This completes the proof of Theorem 2. 
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81. Introduction 


The behaviour of solutions of the difference equation 


a+ ba? 
tmii= 7749 > n=0,1,---, 


n-1 


was investigated, when a, b € [0, 00)(see Zhang et. al [1]). Also, Li [5] has studied the asymptotic 
behaviour of nonlinear delay difference equations of the form @,41 = ©? f (@n,Un—k, 5°" 5 Ln—k,.)s 
p>0,n=0,1,--- , where ki, ko,--- ,k, are positive integers. 

In this paper, our aim is to study the asymptotic stability and global attractivity of the 
rational recursive sequences 

a — bx? 
= ’ = 0, 1, aan, 1 
tn+1 ee rm = n (1) 

where a> 0, b> 0. 

Here, we recall some concepts and theorems which will be useful in this paper. 


Consider the difference equation 
Bia =P (Gist Sain ks n=0,1,:--, (2) 


where k is a positive integer and the function F € C1[R*+?, R]. 


Assume that a_z,--- ,@-1,@9 € R are arbitrary real numbers, then for initial conditions 
v_; = a_;, fori=0,1,--- ,k, the (2) has a unique solution {a} _,. 


Ifn >1, then x, > 0. We consider this solution is positive solution of the (2). 
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Definition 1.1. A point Z@ is called an equilibrium of the (2), if = F(Z,--- ,Z). That is, 
Ln = £, for n> 0, is a solution of the (2), or equivalently, is fixed point of F. 

Definition 1.2. Let J be an interval of real numbers, the equilibrium point Z of the (1) is 
said to be 


(a) locally stable if for every ¢ > 0, there exists 6 > 0 such that for all w_,,--- ,v-1,% € I 
k 
with S- |v_; —2%| < 6, we have |x, — Z| < « for all n > —k. 


i=0 
(b) locally asymptotically stable if it is locally stable, and if there exists 7 > 0 such that 
k 


for all v_x,-+- , #1, 29 € I, with S- |v_; — Z| <7, we have Jim, Ln =. 
i=0 
(c) global attractor if for all v_,, --- , v_1, 9 € I, we have Jim C= 2. 


(d) global asymptotically stable if % is locally stable and Z is alep: global attractor. 
(e) unstable if % is not locally stable. 
If k = 1, then (2) is in form that 


tn+1 = f(@a,8n—-1); n=0,1,---. (3) 


Let % is an equilibrium of the (3), f(u,v) is the function associated with the (3). 


) 0 
=San, s= a2) 


The linearized equation associated with the (3) about the equilibrium Z is 
Ynt1 =TYn + $Yn-1, N=0,1,---. 


Its characteristic equation is 
M=—rA— 5 =0. (4) 

Theorem 1.1. Assume that F is a C?! function and let % be an equilibrium of the (3). 
Then the following statements are true. 

(a) If all the roots of the (4) lie in the open unit disk | \ |< 1, then the equilibrium 7 of 
the (3) is asymptotically stable. 

(b) If at least one of the roots of the (4) has absolute value greater then one, then the 
equilibrium & of the (3) is unstable. 

(c)(4) has all its roots in the open unit disk | A |< 1 if and only if 


|Ir|< l-s<2, 


then % is a attracting equilibrium . 
(d) One root of the (4) has absolute value greater than one and another has absolute value 
less than one if and only if 


r?+4s>0 and |r|>|l-s|, 


then % is a saddle point. 
(e) All the roots of the (4) has absolute value greater than one if and only if 


|s|>1 and |r|<|l—s]l, 
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then @ is a repelling equilibrium or source. 
Theorem 1.2. Consider the equation 


Tn+1 = Bit (Lis In—kys°** tn ks (5) 


where k;(i = 1,2,--- ,r) are positive integers. Denote by & the maximum of ky,--- , k,. 
Also, assume that the function f satisfies the following hypotheses. 
(H,) f € Cl(0, oo) x (0, oo)", (0, oo)], and ge C(O, coy, (0, oo)], where g(uo, U1,""" Ur) = 


uof (uo, U1,°++ , Ur) for up € (0,00) and w,--+ ,u, € [0,00) and 
g(0, ur, me , Ur) = lim g(uo, U1, a yt.) 
ug— 0+ 
(Hz) f(uo, u1,-+*+ , Uy) is nonincreasing in u,,--- ,u,, respectively. 
(H3) The equation f(x,z,--- ,xz) = 1 has a unique positive solution @. 
(H4) Either the function f(uo, ui,:+: ,ur) does not depend on wo or for every x > 0 and 
u> 0 


with 





Now define a new function 
G2 
where 
Gz,y) = 9f(y,,--- 2) f@,z,--- yF@,2,--- ,2)/F%. 

Then 

(i) F € C[(0, co), (0, 00)] and F is nonincreasing in [0, 00). 

(ii) Assume that F' has no periodic points of prime period 2. Then Z is a global attractor 
of all positive solutions of(5).Main Results 

Consider the (1) with 

a>0O and b>0. 


1). The case a = 0. 

In this section, we study the asymptotically stable and the global attractivity for the 
difference equation 

—bax? 
ae eS a n=0,1,---, (6) 

where b € (0,00) . 

If a = 0, the (6) has no positive equilibrium. 

Theorem 2.1. If b < 2, then the(6) has a unique equilibrium % = 0 and Z is asymptotically 
stable. If b = 2, (6) has a unique negative equilibrium % = —1, and Z is unstable. 

Proof. Let ¢(x) = x? + bx? + a, it is easy to see that # (x) = 3x? + 2b4 + 1 > 0 when 
b < 2. So, the (6) has a unique equilibrium % = 0, and easy to see that Z% is asymptotically 
stable. The case b = 2, is easy to proof and we omit it. The proof is complete. 
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Zhu 


Theorem 2.2. If b > 2, then the (6) has three equilibriums %) = 0, 7, = 


9) z] 
—b+ Vb? —4 
t= a ., and Z, is repelling equilibrium, while Xz is saddle point. 
proof. It is easy to see that o(x) = 2° + bx? +a = a(x? + ba +1) = 0 has three roots 
ahaa b+ VP—4 
to = 0,2, = 5 a a. So, the (6) has three equilibriums % = xo, 


v= 21, T2 = X. 


The asymptotic stability of %> has discussed in theorem 2.1, we omit it. 














Now, we consider the function f(u,v) = a which is assosiate with the (6). 
Of, _ 2bz; 
r, = Bu tHe) = Ty a 
sO= eau) = ee = 1,2. 
Since 7, = ie nr as < —1, then r; = 2, s; < —1. So, 


|s1| >1 and |1 — s1| >2=11, 


by parts (a) and (e) of Theorem 1.1, we have %, is a repelling equilibrium. 


—b b2 —4 
Since %) = smd > —-1, then rp = 2, —1 < s9 < 0. So, 








rg + 4s = 4(1+ 82) > O and |1—s9|<2=r19, 


by parts (a) and (d) of Theorem 1.1, we have %2 is a saddle point. The proof is complete. 
2). The case b = 0. 
In this section, we study the asymptotic stability and global attractivity for the difference 


equation 
a 


7,2? n=0,1,---, (7) 
1l+a7_, 


In+1 = 
where a € (0,00) . 
Theorem 2.3. The equation (7) has a unique positive equilibrium % and if 0 <a < 2, 
then % is asymptotically stable. 
Proof. Let 7 = i = 





~, it can be rewritten as follows: 
= 

E+z-a=0. 
Consider the function ¢(x) = 73 + x — a, we have 


o(0) = —a <0, and ¢(a) = a? > 0. 


Since ¢ (a) = 3a? + 1 > 0, so ¢(z) is a strictly monotonically increasing function. Hence, (x) 
= 0 has only one positive root #, and 0 <a’<a. 
Therefore (7) has a unique positive equilibrium % and F = xv, so0 < & <a. 
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Let f(u,v) = ie is assosiated with the (7). 
v 
0 
is = oH (@,) = 0, 
7 Of z) = —20f Oe? 

s = em L,X “+P? a ’ 

973 
l-s = ee Sopevigh, 

a 


Since 0 < a < 2,so 1—s < 2. By parts (a) and (c) of Theorem1.1, % is asymptotically stable. 
The proof is complete. 

Theorem 2.4. Assume that b = 0 and 0 <a < 2, let {x,}°°, be a positive solution of 
the (7). Then 


lim ty = ®, 
n—co 


where & is the unique positive equilibrium of the (7), that is, % is a global attractor of all 
positive solutions of the (7). 

Furtherly, if and only if (v_1, 20) 4 (¥,Z), then the semicycles of every positive solution 
of the (7) has length 2. 

A detailed proof of the Theorem 2.4. can be found in the monograph of D. C. Zhang, B. Shi 
and M. J. Gai, we omit it. 

3). The case a> 0, b> 0. 

In this section, we consider the (1), when a, b € (0,00). 

Theorem 2.5. The equation (1) has a unique positive equilibrium 7, and if 0 <a <1, 
0<b< 4/3, then Z is asymptotically stable. 


it can be rewritten as follows 





Proof. Let 7 = ee a : 
14+% 


e+ be? +%-—a=0. 


Consider the function $(x) = 2*+bx? +x —a, we have 6(0) = —a < 0, and ¢(a) = a? +a7b > 0. 
Next ¢ (x) = 3x7 + 2b + 1 > 0. Hence, $(x) is a monotonically increasing function in 
[0,co) and ¢(x) = 0 has only one positive root wv, 0 < a’ <a. 
So, it is easy to see that the (1) has a unique positive equilibrium % = wv’, and 0 < % <a. 
Now, we consider the function 








a — bu? 
f(u,v) = [aa 
Of _ _ Qbx? 
C= re) = 14+ 7’ 
s = Fig z) = 7 
Ov” 1+27 





Since 0 <<a <1,0<b< V3, we have 
|Ir|< l-s<2. 


Then, by parts (a) and (c) of Theorem 1.1, % is asymptotically stable. The proof is complete. 
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Theorem 2.6. If ab< 1 and0<29< /$ < 2, then @ is a global attractor. 
Proof. Let ab < 1 such that r, < ‘E , {Ln}, is positive solution of (1) when xo € 


. ‘A . The (1) can be rewritten as follows 


a — bx? 


PR = 0,1,-:. 
In(1+22_,1) 


Intl = In 


Now, we define two functions as follows 


a — bua 
ug(1 + u2)’ 
a — bu? 
1+ut : 


f (uo, U1) — 





g(uo,u1) = 


It is easy to verify that f(uo,ui) and g(uo, ui) satisfy the hypotheses (H,) — (H4) which 
were divised in the Theorem1.2. 


Next, we define a function as follows 





(a — by?)(a — bz”) 
G — . 
9) = say eat 
Therefore we have 
(a — ba?) (a — bz) 
u(1 + «?)? 





F(x) = ,ab<l 


such that tp, < ii < 2, hence F has no periodic points of prime period 2. Thus, by Theorem 


1.2. & is global attractor of all positive solutions of the (1). The proof is complete. 
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Abstract For any positive integer n, the Smarandache reciprocal function S.(n) is defined 
as S-(n) = max{m: y | n! foralll < y < m, and m+17n!}. That is, S.(n) is the 
largest positive integer m such that y | n! for all integers 1 < y < m. The main purpose 
of this paper is using the elementary method and the Vinogradov’s important work to prove 
the following conclusion: For any positive integer k > 3, there exist infinite group positive 


integers (mi, m2, --- , Mx) such that the equation 
Se(mi + m2 +--+ +m) = Se(mi) + Se(ma) +--+ + Se(me). 


This solved a problem posed by Zhang Wenpeng during the Fourth International Conference 


on Number Theory and the Smarandache Problems. 


Keywords The Smarandache reciprocal function, equation, positive integer solutions. 


81. Introduction and result 


For any positive integer n, the Smarandache reciprocal function S,(n) is defined as the 
largest positive integer m such that y | n! for all integers 1 < y < m. That is, S.(n) = max{m: 
y | n! for alll <y<m, and m+1} nl}. For example, the first few values of S.(n) are: 

Se(1) =1, Sc(2) = 2, Se(3) =3, S-(4) =4, S-(5) =6, S-(6) =6, S-(7) = 10, 
8) = 10, $.(9) = 10, $.(10) = 10, $.(11) = 12, $.(12) = 12, S.(13) = 16, 
14) = 16, S.(15) = 16, S.(16) = 16, $.(17) = 18, S.(18) = 18, ------ : 


S.( 
Se( 
This function was first introduced by A.Murthy in reference [2], where he studied the elementary 
properties of S.(n), and proved the following conclusion: 
If S.(n) = # and n 4 3, then x + 1 is the smallest prime greater than n. 
During the Fourth International Conference on Number Theory and the Smarandache 


Problems, Professor Zhang Wenpeng asked us to study such a problem: For any positive integer 


k, whether there exist infinite group positive integers (m,mz2,--- ,m,) such that the equation 


Se(my + mg +---+ mx) = Se(m1) + Se(me) + +++ + Se(mp). 
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I think that this problem is interesting, because it has some close relations with the Gold- 
bach problem. The main purpose of this paper is using the elementary method and the Vino- 
gradov’s important work to study this problem, and solved it completely. That is, we shall 
prove the following conclusion: 

Theorem. For any positive integer k > 3, there exist infinite group positive integers 


(m1, ™Me2,--+,Mx) such that the equation 
Se(m1 + mg +--+ + mp) = Se(m1) + Se(m2) +--+ + Se(me). 


It is clear that if k = 1, then our Theorem is trivial. Whether there exist infinite group 
positive integers (m ,, mz) such that S.(m,+mz2) = S.(m,)+$.(m2)? This is an open problem. 

If the Goldbach’s conjecture is true (i.e., every even number 2N > 6 can be written as 
2N = pi + pz, a sum of two odd primes), then there exist infinite group positive integers 
(m1, mg) such that the equation S.(m1 + m2) = $.(m1) + S-(mz2). 


§2. Proof of the theorem 


In this section, we shall prove our Theorem directly. First from the Vinogradov’s important 
work Three Primes Theorem (See Theorem 6.14 of reference [5]) we know that for any odd 
number 2N + 1 large enough, there must exist three odd primes p;, pz and p3 such that the 


equation: 
2N+1=p,+p2+ ps3. (1) 


For any positive integer k > 3 and prime p (large enough), by using the mathematical inductive 
method and the Vinogradov’s work (1) we can deduce that p +k — 1 can be written as a sum 
of k odd primes: 


pt+k—-l=pi+pat-::+De. (2) 


In fact if & = 3, then for any prime p large enough, p+ 2 is an odd number, so from (1) we 
know that p+2 = p, + po + p3. So (2) is true. If & = 4, then we take p, = 3, so from (1) we 
also have 


pt+3=34+pe+p3+ pa = pit pot+p3t pa. 


So (2) is true if k = 4. If k > 5, we take p be such a prime so as to odd number p+k—1—3-(k—3) 
large enough, from (1) we know that there must exist three odd primes p,_2, py—1 and pz such 
that the equation: 





p+k—1-—3-(k—3) = pe-2+ pe-1 + Dr 
or 


ptk—-1=34+3+---+3+pp—2 + Pe-1 t+ Pe = Pi + po ++++ + De; 
Ee 
k-3 


On an equation involving the Smarandache 
Vol. 4 reciprocal function and its positive integer solutions 25 








where py; = pg = ++: = pr—3 = 3. So (2) is true for all k > 3. 
Now we use (2) to complete the proof of our Theorem. For any positive integer k > 3, we 





take prime p large enough, then from (2) we have the identity 





pal peep lp pa dL arcerees + pe — 1. (3) 


Note that S.(p; — 1) = p; — 1 for all prime p;, taking m = p—1,m;=p;—1,i=1, 2,---, k, 
from (3) we may immediately deduce the identity 








p-1 = S(p—1)=S.(m) = S.(m1 + m2 +--+ + mx) 
= pelt py la Pr-A1 
= S-(m1) + Se(m2) + Se(m3) +--+ + Se(mx). 
That is, 
Se(my + mg +--+ me) = Se(m1) + Se(me2) + +++ + Se(mp). 
Since there are infinite prime p, so there exist infinite group positive integers (m1, m2, --: , Mx) 


such that the equation 
S.(my +m tere Mr) = S-(™m1) ar S.(m2) ate? ae S-(mx)- 


This completes the proof of Theorem. 
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Abstract In this paper, The dual Wegl-Heisenberg frame’s structure is discussed and then 
explicit structure of the dual Wegl-Heisenberg frame is given. Under the small perturbation 
of y, some changes have taken place about the dual of Wegl-Heisenberg frames. Some results 


about stability of the dual Wegl-Heisenberg frames are proved with weaker conditions. 
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81. Introduction 


The theory of frames was introduced by Duffin and Schaeffer in the early 1950s to deal 
with problems in nonharmonic Fourier series, frames provide a useful model to obtain signal 
decompositions in cases where redundancy, robustness, oversampling , and irregular sampling 
play a role [7 — 9]. First,we introduce some basic definitions. 

Recall that a sequence {y; : 7 € A} in a Hilbert space H is said to be a frame for H if 
there exist two positive constants A, B > 0 such that 


Vf eH, Allfll? < So \(F,95)? < BIA’, (1) 
jen 
where A and B are called the the lower frame bound and upper frame bound ,respectively. In 
particular, when A = B = 1, we say that {y,; : j € A} is a(normalized)tight frame in H. If the 
right-hand side of (1) holds, it is said to be a Bessel sequence. 

The mathematical theory of Gabor analysis in L?(R) is based on two classes of operator 
on L?(R),namely 

Translation by a € R, Ta : (Taf)(x) = f(a — a); 

Modulation by b € R, M,2 (Ma file) se" F(a). 

Again, if {EmpMnay}mnez forms a frame for L?(R), which is called a Weyl-Hensenberg 
or a Gabor frame. Since Gabor [6] proposed a signal representation with windowed Fourier 
transform, Gabor systems have had a fundamental impact on the develop of modern time- 
frequency analysis and have been widely used in communication theory, quantum mechanics, 
and many other fields. 

For Wegl-Heisenberg frames, the stability means that {EmpMnap}mnez is still a frame if 
y, a, b has some small perturbation. Favier and Zalik [8] studied the stability of Gabor frames 
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under some perturbation to y,m,n. But their results require that the generating function y 
be compactly supported. For the canonical dual frames of {EmpTnaP}m,nez also has Gabor 
structure. 

In this paper, we discuss the stability of Wegl-Heisenberg frames with much weaker condi- 
tions. 

The paper is organized as follows. In section 2, we briefly introduce the concept of the 
Weg]l-Heisenberg frame and the canonical Weg]-Heisenberg frame. In Section 3, we discuss the 
changes of dual Wegl-Heisenberg frame. Under the small perturbation of y. 


§2. Preliminaries 


We begin with some basic theory and notations to be used throughout this paper. Denote 
by R and Z the set of all real and integers numbers, respectively. Given a Bessel sequence 
{y; : j € A} one can define a bounded linear operator 


T : 17(Z) > H,T{e;} =) Gis. (2) 
tEZ 


Then ||T|| < VB. The adjoint operator 
T*: H >1(Z),T* = {(2, gi) }iez- (3) 
The frame operator is defined by 


S:H—>H,Sx=TT*s =) (x, pi) yi. (4) 
tEZ 


If {y; : 7 € A} is a frame,the frame operator S' has bounded, inverse, defined on all of H, this 
fact leads to the important frame decomposition 


= S1Se=S (S12, 99: = > (2, 519i) pi, Va € H. (5) 


iGZ iEZ 
Lemma 1. [1] Let y € L?(R) and a, b > 0 be given, and assume that 
{EmoTna?}m,neZ 
is a Wegl-Heisenberg frame, then the dual also has the structure and is given by 
{EmsMnaS e}mnez: 


where S is frame operator. 
Lemma 2. Let y € L?(R) and a,b > 0 be given, and assume that 


{EmpMna?}mneZ 
is a Wegl-Heisenberg frame with frame operator S, then 


Cor aw = Mae (6) 
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Proof. Let Vy € L?(R), 


SEmpMnay = S- (EmbMna?; EmoMn'ae) Em Mn'ad 
n'm'EZ 
= S- (9, M_naEm! — m)bMnab) EmeMnad 
n',m'EZ 
= S- (Y, re —) Bont —myoM nt —n)aP) Em'>Mn'ad- 
n',m'EZ 


Performing the change of variables m’ —m =m", n’ —n =n" and using the commutator 


relation, then 


-1 5 } 270i "b 
S EmpMnaY = Go (y, EmeMn ad) Em +m)oM (n4n)aP 
na”! mVN"EZ 
iq ee * uw 
= > eo 2rinam ly, EmtpMna) e2tinam © EimbMnaLm''bMni'ad 
n" m"EZ 


= EneTnaS” 


§3. Main results 


Theorem 1. Let ®mbd.na = {EmpMnab}nmez ; Diets = {Beg Ma cd ncmez and Wind,na = 
{EmpMnat}nmez , Umbna = {EmobMnat’}n.mez be two pairs of canonical dualWegl-Heisenberg 
frame for H. Denote the Wegl-Heisenberg frame bounds of ®y4 nq and Umona by (A,B) and 


(C, D), respectively. If {®mbna — Ymb,na} is a Bessel sequence with an upper bound ¢, so is 
2 
e ze A+B+B2D2 
{®inbna — Umona} with an upper bound ¢ Ga 


Proof. Put 


St = S- (r, EmbpMnad) EmbMnad, Vane A, 


n,mEZ 


Tx= > (2, EmbpMna)EmeMnad; Va € H. 


n,meEZ 


Then S$ and T are self-adjoint. For any x € H, we have 
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|Sa = Tx|| = S- (x, EmpMnae)Em»Mnad =. > (aL, EmpMnat) EmpMnat 
n,meZ n,meZ 
< S- (x, EmpMnad) (a, (EmbMnad = EmpMnat)) 
n,meEZ 





+ S- ((a, EmpMnad) _ (x, EmpMnat))(x, EmoMna) 


n,mEZ 


NIK 


a B2( s Kea (EmpMnad ~~ EmbMnab))|?)? bs e3 S- (2, EmpMna)| 
n,meEZ n,meZ 
< <3 (B? +D?) lal. 
Hence 
S- (x, S7*(EmpMnabnjm _ ime Manainga))\ 
< \|S~"]| S- \(a, (EmoMnaPn.m ~_ EmbMnatnm))|" 
E 
< Spllell?. 
Consequently, 
y | (a ®, 3m Vn Wael = » \(ax (97 *EmbMnabn, m— T" 1 EmbpMnatn, wml 
< EK (aL, ST (EmpMnadn,m — ena Cre) | 
+ da \(ax TBM nano 
< 


BA 1 2 
A+B+ B?2D2 t 2 
é AC zl. 


Theorem 2. Let ®mbd.na = {EmpMnab}njmez ’ Oiiad = { EmbMnab}nmez and Wimb,na = 
{EmpMnat?}nmez , mbna = {EmbMnat}n,mez be two pairs of canonical dual Wegl-Heisenberg 
frame for H. If 


<ellz|?, VecH 





dK x »EmbMnad)|* ~ 2K x »EmbpMnat)|? 





then 


“Kk &, EmbMna)|" ~ 2 &, EmbMnatb) |? sailel?, Va € H 
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Proof. Since both S and T are self-adjoint. For any « € H, we have 


|S-T] = oe (S$ — P)ax, x) || = faa || (Sx, x) — (Tx, 2)| 
= ie > (x, Eig Miuag) ~~ + <2, EmbMnat)|? 
z\|=1 mn mn 
< &: 


1 
Therefore, |S? —7-1|] < [$1] |S — TI] ITM < ae. 


bs [(a, EmbMnad)|? — S 0 (2,57 EmbMnad) (2, S~'EmbMna) 


m,n 


= ($8 *2.5 2) =o a 


Similarly, 


Ss 


S- (a, EmbMna) |" —= fo. Ta). 


m,n 


oO we get 


Yel? — ST US2l?) = |x, (7 - P™)a)| 
igZ tEZ 
E 


AC 


lx”. 


IA 


|S -T™]- |z|| 
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Abstract For any positive integer n, we define the function P(n) as the smallest prime p 
such that n | p!. That is, P(n) = min{p: n |p!, where p bea prime}. This function is a 
generalization of the famous Smarandache function S(n). The main purpose of this paper is 
using the elementary and analytic methods to study the mean value properties of P(n), and 


give two interesting mean value formulas for it. 
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81. Introduction and results 


For any positive integer n, the famous Smarandache function S(n) is defined as the smallest 
positive integer m such that n | m!. That is, S(n) = min{m: n|m!, n © N}. For example, 
the first few values of S(n) are: Sn) are S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, 
S(6) = 3, S(7) = 7, S(8) =4, S(9) = 6, S(10) = 5, S(11) = 11, S(12) =4,------ : 

About the elementary properties of S(n), many authors had studied it, and obtained a series 
results, see references [1], [2], [3], [4] and [5]. In reference [6], Jozsef Sandor introduced another 
arithmetical function P(n) as follows: P(n) = min{p: n |p!, where p be a prime}. That is, 
P(n) denotes the smallest prime p such that n | p!. In fact function P(n) is a generalization of 
the Smarandache function S(n). Its some values are: P(1) = 2, P(2) = 2, P(3) = 3, P(4) =5, 
P(5) = 5, P(6) = 3, P(7) = 7, P(8) = 5, P(9) = 7, P(10) = 5, P(11) = 11, ---. It is easy to 
prove that for each prime p one has P(p) = p, and if n is a square-free number, then P(n) = 
greatest prime divisor of n. If p be a prime, then the following double inequality is true: 


2p -+1< P(p*) < 3p—1. 


For any positive integer n, one has (See Proposition 4 of reference [6]) 


S(n) < P(n) < 25(n) = 1. (1) 
The main purpose of this paper is using the elementary and analytic methods to study the 
mean value properties of the function P(n), and give two interesting mean value formulas it. 


That is, we shall prove the following conclusions: 
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Theorem 1. For any real number x > 1, we have the asymptotic formula 
S> P( P(n +O (x?) F 
n<ux 
Theorem 2. For any real number x > 1, we also have the mean value formula 


Y (rey -Pony?=3-¢(§)-E 0( 2), 


n<ux 








where P(n) denotes the largest prime divisor of n, and ¢(s) is the Riemann zeta-function. 


§2. Proof of the theorems 


In this section, we shall prove our theorems directly. First we prove Theorem 1. For any 
real number «x > 1, we divide all positive integers in the interval [1, x] into two subsets A and 
B, where A denotes the set of all integers n € [1, x] such that there exists a prime p with p|n 
and p > \/n. And B denotes the set involving all integers n € [1, x] with n ¢ A. From the 
definition and properties of P(n) we have 


YoP(r) = DSO P(n)= DO Pen)= So p= dD DS P. (2) 


neA n<ux pn<x pn<x n<Jan<por 
p|n, /n<p n<p n<p 


By the Abel’s summation formula (See Theorem 4.2 of [7]) and the Prime Theorem (See The- 
orem 3.2 of [8]): 





k 
a,x x 
= ) —+0O , 
ma) ln’ x (aa -) 


i=1 
where a; (t= 1, 2,--- ,&) are constants and a, = 1. 
We have 


Sop = Fen (Z)—nemny— f" mondy 


n<pst 
2 k 2 i 2 
x b;-a--ln'n x 
= o : +O : 3 
2n? In x 2 k (er,) 8) 


2, 
ae In‘ x 





where we have ee = cane ws < ea and all b; are computable constants. 


Note that we == ~ and = 


n= “he 
(3) we have 





is convergent for all 1 = 2, 3, ---, k. From (2) and 





2 2, 
Me Gan -Inta n? - In 


x? a CG, x? x? 
“+0 : 4 
ne oo ins (=e) (4) 


, nz 





k b;- 22 -In'n x 
S$ P(n) = a care» tO | eee 
niVJz 
12 
12 
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where c; (4 = 2, 3,--- ,&) are computable constants. 
Now we estimate the summation in set B. Note that for any prime p and positive integer 
a, S'(p*) < a-p, so from (1) we have 


S> P(n) = S- (28(n)-1) < So Vn nn Ka? - Ine. (5) 


neB neB n<ux 
Combining (4) and (5) we may immediately deduce the asymptotic formula 


y c a Bg x? 2 
P = s P 5 P = . | 
n<ax o neA wy ¥ neB a 12 Ing y In’ x . (=m -) 





where c; (¢ = 2, 3,--- ,&) are computable constants. This proves Theorem 1. 

Now we prove Theorem 2. For any positive integer n > 1, let P(n) denotes the largest 
prime divisor of n. We divide all integers in the interval [1, x] into three subsets A, C and D, 
where A denotes the set of all integers n € [1, x] such that there exists a prime p with p|n and 
p > /n; C denotes the set of all integers n = nip? in the interval [1, x] with ny < p < Vn, 
where p be a prime; And D denotes the set of all integers n € [1, 2] withn g Aandn¢ C. It 
is clear that if n € A, then P(n) = P(n) and (P(n) — P(n))° = 0. So we have the identity 


S~ (P(n) — P(n))” =0. (6) 


neA 


If n € C, then P(n) = P(p?) > 2p +1. On the other hand, for any real number z 
large enough, from M.N.Huxley [9] we know that there at least exists a prime in the interval 


[«, x+ 2%. So we have the estimate 
2p+1< Plp®) < 2p +0 (vp). (7) 
From [3] we also have the asymptotic formula 


EE rhee(g) 


1 
n<x3 n<per/e 





Note that P(n) = p, ifn=n,-p? EC. 
Therefore, from (7) and (8) we have the estimate 


S> (P(n)— Pin)” = So SD (Plnp?) — P(np*))’ 


nec n<a3 n<ps/e 
- ES ew-w=E5 EF (r+0() 
n<a3 n<psr/= n<as n<ps a 


= © DY P+0(c#) 


n<a3 N<pSa/ — 


2: 3 x2 x2 
7 763) 5 | o(.,); (9) 
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where ¢(s) is the Riemann zeta-function. 
Ifn € D and (P(n) — P(n))° # 0, then P(p*) < S(p*) < p-Inp and P(p?) < p-Inp, so 
we have the trivial estimate 


> (P(n) —P(n))” < S- S- ps <a-Inz. (10) 


neED 3<a<Ina np*<2 


Combining (6), (9) and (10) we may immediately the asymptotic formula 


Str -Roy'= 5) +0) 


n<ux 





where P(n) denotes the largest prime divisor of n, and ¢(s) is the Riemann zeta-function. 
This completes the proof of Theorem 2. 
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§1. Introduction and Results 


For any positive integer n, the famous Smarandache power function SP(n) is defined as 
the smallest positive integer m such that m™ is divisible by n. That is, 


SP(n) =min{m:n|m™,me N,[[p= [[4 
plm pin 
where N denotes the set of all positive integers. For example, the first few values of SP(n) are: 
SP(1) =1, SP(2) = 2, SP(3) = 3, SP(4) = 2, SP(5) =5, SP(6) = 6, SP(7) =7, SP(8) =4, 
SP(9) = 3, SP(10) = 10, SP(11) = 11, SP(12) = 6, SP(13) = 13, SP(14) = 14, SP(15) = 15, 
SP(16) = 4, SP(17) = 17, SP(18) = 6, SP(19) = 19, SP(20) = 10, ---. In reference [1], 
Professor F.Smarandache asked us to study the properties of SP(n). From the definition of 
SP(n) we can easily get the following conclusions: if n = p*, then 


P, l<axc<p; 
p, pti<a< 2p’; 
SP(n)= 4 p®, = Ap? +1 <a < 3p'; 
ps (a — 1)p?t+1<a< ap. 


Let n = pf'p5?---pe denotes the factorization of n into prime powers. If a; < p; for all 
aj(t = 1,2,--- ,r), then we have SP(n) = U(n), where U(n) = I[-. Il denotes the product 


pln pin 
over all different prime divisors of n. It is clear that SP(n) is not a multiplicative function. 


For example, S'P(3) = 3, SP(8) = 4, SP(24) =6 4 SP(3) x SP(8). But for most n we have 
SP(n) = U(n). 
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About other properties of SP(n), many scholars had studied it, and obtained some inter- 
esting results. For example, In reference [2], Dr.Zhefeng Xu studied the mean value properties 
of SP(n), and obtain some sharper asymptotic formulas, one of them as follows: for any real 


> SP(n) = 51] (1- =) +O (x3+*) ; 


n<u 


number zx > 1, 


where II denotes the product over all prime numbers, € is any given positive number. Huanqin 


p 
Zhou [3] studied the convergent properties of an infinite series involving SP(n), and gave some 
interesting identities. That is, she proved that for any complex number s with Re(s) > 1, 


2°+1 1 














= = 1,2; 
Qs =] (s)’ k * d 
s (=1)4/) 2?+1 1 2-1 jet 
“+ (GPQ)) | 2 = Lc) 45” ~*~ 
Sei 1 Ba 7 Bad 
a k=4,5. 


2°—1C(s) 48 gs? 


If n > 1, the Euler function ¢(n) is defined as the number of all positive integers not 
exceeding n, which are relatively prime to n. It is clear that ¢(n) is a multiplicative function. 
In this paper, we shall use the elementary method to study the solutions of the equation 
SP(n*) = o(n), and give its all solutions for k = 1, 2, 3. That is, we shall prove the following: 

Theorem 1. The equation SP(n) = ¢(n) have only 4 positive integer solutions, namely, 
n= 1, 4, 8, 18. 

Theorem 2. The equation $P(n”) = ¢(n) have only 3 positive integer solutions, namely, 
n= 1, 8, 18. 

Theorem 8. The equation SP(n?) = ¢(n) have only 3 positive intrger solutions, namely, 
n= 1, 16, 18. 

Generally, for any given positive integer number k > 4, we conjecture that the equation 
SP(n*) = 6(n) has only finite positive integer solutions. This is an open problem. 


§2. Proof of the theorems 


In this section, we shall complete the proof of the theorems. First we prove Theorem 1. It 
is easy to versify that n = 1 is one solution of the equation SP(n) = ¢(n). In order to obtain 
the other positive integer solution, we discuss in the following cases: 

1. n > 1 is an odd number. 

At this time, from the definition of the Smarandache power function SP(n) we know that 
SP(n) is an odd number, but ¢(n) is an even number, hence SP(n) 4 ¢(n). 

2. n is an even number. 

(1) n = 2%, a > 1. It is easy to versify that n = 2 is not a solution of the equation 
SP(n) = ¢(n) and n = 4, 8 are the solutions of the equation SP(n) = ¢(n). If a > 4, 


(a—2)2°-2 > a, so 2% | (2°-2)2"*, namely n | (22) *3*, which implies SP(n) < 2 < d(n). 
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(2) n = 2%pi''pS?---pp*, where p; is an odd prime, pi < po <--: < pr, a; > 1li= 
1, 2, --:, k,a>2, k>1. At this time, 


b(n) = 207 pr p§2—* +. pe®— "(py — 1)(p2 — 1) +++ (pe — 1). 


If n + ((n))%™, then from the definition of the Smarandache power function SP(n) we 
know that SP(n) 4 ¢(n). 

If n | (¢(n))?™, then from the form of $(n), we can imply az > 2. 

(i) for 2°. a > 2, so 


o(n) 
2 


1 
> (a — 1)2971 ptt —— S(a=1)- 23S be 1) 33a Sa, 
o(n 





(a—1) 


a(n) ny) 


. Hence 2° | (209) * z 


; = l, associating 





which implies 2% | (2(¢-1)) ~~ 
(ii) for p¥* 





o(n) a Lyme — 1 


9 ia 22:3=6>1 


with p; | (@(n))%™ which implies p; | ae). we can deduce that p; | Coes If a; > 2, 





et 
(a; 1) on) > (a; 1j2e-tpee > (a; = 1) -2°3 > 6(a; = 1) Ze 3a; > Ai, 
which implies p<“ plurd “> Hence pet Oe ae Consequently, Vp¢" 
4 4 4 2 t 














Spy. 

Combining (i) and (ii), we can deduce that if n | (¢(n))?™, then n | (20rd) Hence 
SP(n) < P< on). 

(3) n = 2pt'ps?---pe*, where p; is an odd prime, pi < po <--: < pe, a > 1liz= 
1, 2,---,k,k>1. At this time, 


b(n) = pp ps2) ++ pe*—* (py — 1)(p2 — 1) +++ (pe — 1). 


If n + ((n))%™, then from the definition of the Smarandache power function SP(n) we 
know that SP(n) 4 ¢(n). 

If n | (¢(n))?™, then from the form of $(n), we can imply az > 2. 

(i) k > 2. We will prove that n | (Ped) >, 

For one hand, obviously, 2 | (22)) “> | For the other hand, Vp; 


—1 
on) > pet (ps — 1) 33. 2=6>1 





n, if a; = 1, associating 








with p; | (¢(n))%™ which implies p; | o(n) : | (eo, If a; > 2, 








-—1 
(ai ow) > (ai — Upp" 1 — YS > (ai — 1) 5-2-2 > 2(aj — 1) > 10a; > ay, 
: : A Oi (ai—1)\ 2) on (n) ot) o(n) \ 2) 
which implies p§* | (p; )~2>. Hence pi | (“$4)"2". Consequently, n | eS )~2", which 








implies SP(n) < on) < o(n). 
(ii) k=1. At this time, n = 2p, a1 > 2, b(n) =p!" (p1 - 1). 
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which implies p} (plr—P) 2, Hence p;* (aye. Consequently, n | (2d) 29", which 
implies SP(n) < on) < o(n). 


(ii) k= 1. At this time, n = 2p", ay > 2, O(n) = p@~*(p1 — 1). 
(ii) pi > 5, because ay > 2, 





(a1 — ISS = (a1 — 1)ptt7*2 > (a1 — 1) -5 +2 > 10(ay — 1) > 5a > a, 


g(r) o(m) o(m) 


which implies pf | (p{"~?) "=". Hence pit | (St) "=". Obviously, 2 | (GSt) 


2 
o(n) 
Consequently, n | (2%) "2~ , which implies SP(n) < Hn) < @(n). 


py-l 
2 























Qa 





wa 














i) 


(ii) p, = 3, namely n = 2-3™. 
ay = 1, o(n) = ¢(6) = 2, SP(n) = SP(6) = 6, so SP(n) F O(n). 
ay = 2, d(n) = ¢(18) = 6, SP(n) = SP(18) = 6, so SP(n) = ¢(n). 


ay = 3, Come on) 


= (2-301-2)23™ 56 nm | (2) *S", which implies SP(n) < ee 
o(n). 
Combining (1), (2) and (3), we know that if n is an even number, then SP(n) = ¢(n) if 
and only ifn = 4, 8, 18. 

Associating the cases 1 and 2, we complete the proof of Theorem 1. 


Using the similar discussion, we can easily obtain the proofs of Theorem 2 and Theorem 3. 
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study the mean value distribution property of the Dirichlet divisor function for the Smaran- 
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Keywords Dirichlet divisor function, Smarandache power sequence, mean value, asymptotic 


formula. 


§1. Introduction and Results 


For any positive integer n, the famous Smarandache power sequence S'P(n) is defined as 
the smallest positive integer m such that m™ is divisible by n. That is, SP(n) = min{m: n | 
m™,m € N}, where N denotes the set of all positive integers. For example, the first few values 
of SP(n) are: SP(1) = 1, SP(2) = 2, SP(3) = 3, SP(4) = 2, SP(5) = 5, SP(6) = 6, SP(7) = 
7, SP(8) = 4, SP(9) = 3, SP(10) = 10, SP(11) = 11, SP(12) = 6, SP(13) = 13, SP(14) = 14, 
SP(15) = 15, SP(16) = 4, SP(17) = 17, SP(18) = 6, SP(19) = 19, SP(20) = 10, --- 

In reference [1], Professor F.Smarandache asked us to study the properties of SP(n). From 
the definition of SP(n) we can easily get the following conclusions: Let n = pf'p5?--- pe 
denotes the factorization of n into prime powers. If a; < p; for all aj(i = 1,2,--- ,r), then 
we have SP(n) = U(n), where U(n) = I[-. II denotes the product over all different prime 


pin pin 
divisors of n. It is clear that SP(n) is not a multiplicative function. For example, SP(3) = 3, 


SP(8) =4, SP(24) =6 4 SP(3) x SP(8). But for most n we have SP(n) = U(n). About this 
function, many scholars had studied its properties (see reference [2] and [3]). Simultaneously, 
F.Russo (see reference [4]) proposed the following: 

Conjecture. For the Smarandache power sequence, the following series are asymptotically 


equal to: 
n 1 
S © Ss(k) aCe n, 
k=1 


where Ss(k) = o(SP(k)) denotes the Dirichlet divisor function for the Smarandache power 
sequence. 


Now, we define the Dirichlet divisor function for the Smarandache power sequence as 


40 Bin Cheng No. 1 





following: SD(n) = ox(SP(n)), where o,(n =Sid is the divisor functions and k > 0. 
d\n 
The main purpose of this paper is using the elementary and analytic methods to study the 


mean value distribution property of the Dirichlet divisor function for the Smarandache power 
sequence, and obtain a sharper asymptotic formula for it. That is, we shall prove the following 
conclusion: 

Theorem. Let k be any real number with k > 0, then for any real number x > 1, we have 


the asymptotic formula: 


S- SD(n > aan - 7 i O(aktat), 


n<u 


where SD(n) = 0%(SP(n)), ¢(s) is the Riemann zeta-function, and € denotes any fixed positive 
number. 

Taking k = 1, we may immediately deduce the following: 

Corollary. For any real number zx > 1, we have the asymptotic formula: 


eee =5e 24 O(a2t), 


It is clear that our Corollary solved the F.Russo’s conjecture. 


§2. Some simple lemmas 


Before the proof of the theorem, some simple lemmas will useful. 
Lemma 1. Let k be any real number with k > 0, o,(n = a Then for any real 
d|n 
number x > 1, we have the asymptotic formula: 





k+1)-a*t! Dig 
S> on(U(n)) — — = 1) + O Cg ), 


n<u 


where ¢(s) is the Riemann zeta-function, and € denotes any fixed positive number. 
Proof. For any real number k, s with s—k > 1 and k > 0, let 


Fe) 


From the Euler product formula (see reference [5]) and the multiplicative property of 
ox(U(n)) we have 


f(s) = Oa teues ite ter...) 




















ss p* P : pe P 
_ +t 1 1+p**  ¢(s)-¢(s—k) 
7 ne —p- =Is —p-*  — C(28 — 2k)’ 


where ¢(s) is the Riemann zeta-function. 
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For any real number & > 0 and x > 1, it is obvious that 


Fo cHUEO))| 


ne o—k—-1’ 





lo.(U(n))| < C(k) - n*, and where go is the real part of the 





n=1 


complex s. So by the Perron formula (see reference [6]) we can get 


5 OD NP p04 Mas +0 (BB+ 0D) 








Wee nso rig) b-iT T 
l-o : log(z) —o : zt 
+0 | a °° (22) min (1, +0O(| «°° H(N) min | 1,—— } }, 
T T |x| 
where N is the nearest integer to x, and ||z|| = |a — N]. 


Taking so =0,b=k+ 5 and T > 2 in the above, then we have 


we kYSHr C(s)C(s — k)ax® akt3 
YoU) = 355 fs oc re ds+O|— }]. 





n<u 








1 
Now we move the integral line from k + : +71T tok+ a+ iT. This time, the function 
C(s)¢(s — k)a* C(k + 1)a**? 


(Qs — 2k)s ie C(2)(k +1) © 
O we Can ObDtaln 


1 k+34i7T k+h+iT k+i-iT k+3—-iT _ k)x8 kt 1)xkt1 
a Fay ng aioe te se 
Qnt \ Jep3—ir k+34iT kt i4iT k+h—iT ¢(2s — 2k)s ¢(2)(k + 1) 


Taking T = x, we have the estimate 


has a simple pole point at s = k+ 1 with residue 























k+i+iT k+3-iT 8 k+3+e 
(oe + [NT eee) AE a 
ua) k+34+iT k+3-iT (2s — 2k)s 
and _ 
Es a C(s)C(s — k)a® ds| << ghtite 
2mi Jesiser (28 — 2k)s , 
So we may immediately get the asymptotic formula: 
¢(k + 1) .g hth kti+ 
on(U(n)) = O(x 2 =) 
a C(2)- (e+ 1) 
This proves Lemma 1. 
Lemma 2. For any real number x > 1, we have the estimate: 
‘= (ap)* < log?**? a, 
pose 
a>p 
a log a a 
Proof. From a > p, we have p? < p* < x, sop < ines < log. If p* < a, then 
0g Pp 


log x 2 log x 
~ logp — log2° 
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Thus 

Yen < YO wh Yak Klos Tok 

pe Sx pSlogz g<lese pSlog x 

a>p — log 2 

x 
Note that m(a) = 
log x 


(; ss ) , where 7(x) denotes the number of primes not 
og” & 
exceeding z. We may immediately obtain os p< S- log” LK log*** x, So we have 


pSlog x pSlog x 
k Qk+2 
y (ap)* « log***? x. 
psa 
a>p 


This proves Lemma 2. 


Lemma 3. For any real number x > 1, we have the estimate 


ye SP*(n) < xlog?**? g. 
n<ux 
SP(n)>U(n) 
Proof. Assume that n = p{tp5? ---p2", we have U(n) = pip2--: pr and U(n)|SP(n). 
If SP(n) > U(n), then there at least exists a prime p,(1 < i < r), which exponent a; 
satisfying a; > pip2--- Pr. 
Let a = max{a;, i = 1, 2, , r} and p denotes the largest prime corresponding to 


a. Thus, from the definition of SP(n) we can easily get SP(n) < ap, so SP*(n) < (ap)*. 
Therefore, we have 


S- SP¥(n) < a 


(ap)*= S> (ap) «So SS (ap). 
n<x n<ux np? <2“ N<x pr <x 
SP(n)>U(n) SP(n)>U(n) (n,p%)=1 a>p 
a>pU(n) 


From Lemma 2, we obtain 


pS 


SP¥(n) « S- log?**? x = zlog?**? x. 
n<a n<a 
SP(n)>U(n) 


This proves Lemma 3. 
§3. Proof of the theorem 


Now we use the above lemmas to prove our Theorem. Note that SP(n) > U(n) and 
ox(n) < C(k)-n* for k > 1, so we have 


do SD(n) — SF ox(U(n)) di (ox(SP(m)) — ox(U(n))) = YO 


n<x 


SP(n)>U(n) 


(on(SP(n)) — on(U(n))) 


< d> ox(SP(n))«¢(k) So SPR(n). 


n<ux 
SP(n)>U(n) SP(n)>U(n) 
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From Lemma 3, we know that 


2 SD(n) — SY oxn(U(n)) K (kw log*? x, 


na n<a 


S- SD(n) = S- o.(U(n)) +O (wlog”*+? x) : 


n<u n<u 


or 


and from Lemma 1, we have 


¥ 8D (n) = SEES +0 (at) +0 (clog? 2) = EEDA 0 (att), 


n<ax 


This proves our theorem. 
If k = 1, then o(n) < nlog(logn), so we obtain 


do Ss(n)— YO o(U(n)) = SI (o(SP(m))- o(U(n)))K SI o(SP(n)) 


n<ux n<ux n<ux n<ux 
SP(n)>U(n) SP(n)>U(n) 
«< S>  (SP(n)log(log($P(n)))) <log(logr) S* SP(n). 
nsx na 
SP(n)>U(n) SP(n)>U(n) 


From Lemma 3, we know that 


S- Ss(n) — S- o(U(n)) < xlog* x log(log 2), 


nsx n<a 
or 
> Ss(n) = Dae a(U(n)) + O (2 log* x log(log x) . 
n<u n<u 
From Lemma 1 and k = 1, we have 
1 
y Ss(n) = 2? +O (« i+) +O (x log* x log(log z)) = xe +O (23+) ‘ 
n<ux 
This completes the proof of our Corollary. 
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Abstract If n > 1, then c(n) = 101 x (10*"~* + 10*"-8§ +... + 10* + 1) is called as the 


Smarandache Pierced Chain. Its first few terms are: 

101, 1010101, 10101010101, 101010101010101, 1010101010101010101, ------ 
In reference [2], Dr.Kashihara Kenichiro asked whether 2) is a square-free number for all 
n > 2? The main purpose of this paper is using the elementary method to study this problem, 
and prove that there are infinite positive integers n such that 9 divides | That is to say, 
cn) is not a square-free number for infinite integers n > 2. 
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81. Introduction and results 


If > 1, then c(n) = 101 x (104"-4 4 104”-§ +... +104 + 1) is defined as the Smarandache 
Pierced Chain. Its first few terms are: 


101, 1010101, 10101010101, 101010101010101, 1010101010101010101, ------ 
c(n), 


In reference [1], F.Smarandache asked the question: how many primes are there in =v 


Dr.Kashihara Kenichiro [2] solved this problem completely, and proved that there are no primes 


c(n) 


in the sequence {ot At the same time, Dr. Kashihara Kenichiro [2] also proposed the 


01 

c(n) 
101 
About this problem, it seems that none had studied it yet, at least we have not seen 


following problem: Is a square-free for all n > 2? 


any related papers before. The problem is interesting, because it can help us to know more 
c(n) 

101 f° 

The main purpose of this paper is using the elementary method to study this problem, and 


properties about the sequence { 


solved it completely. That is, we shall prove the following : 


Theorem. For any positive integer n with 9 | n, we have 9 | c(n). 


It is clear that (101, 9) = 1, so 9 divides on Therefore, from our Theorem we may 
immediately deduce the following: 
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Corollary. There are infinite positive integers n such that cin) is not a square-free 


number. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our Theorem. First we give the definition of 
the k-free number: Let k > 2 be any fixed integer. For any positive integer n > 1, we call nasa 
k-free number, if for any prime p with p|n, then p* +n. We call 2-free number as the square-free 
number; 3-free number as the cubic-free number. Now we prove our Theorem directly. It is 
clear that 

10 = 1(mod 9). 


From the basic properties of the congruences we know that if a = b(mod m), then a” = 
b”(mod m) for every positive integer n (see reference [3] and [4]). So we have 


i0**-* = 1(mod 9), 
10*"-* = 1(mod 9), 


Obviously 


Therefore, 
c(n) 
101 
Now for any positive integer n with 9|n, from the above congruence we may immediately get 


e(n) 
101 


=10*-* +1048 +.--+104+1= n(mod 9). 


= 1047-44104 +...4.104+1= n = O(mod 9). 
c(n) 


From the definition of the square-free number and the above properties we know that TOL 


is not a square-free number if 9|n. This completes the proof of Theorem. 
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Abstract For any positive integer n > 1, let n = pf'p5?---p?* be the fractorization of 
n into prime powers. The famous F.Smarandache multiplicative function SM(n) is defined 
as SM(n) = max{aipi, a2p2,---axpr}. Euler function ¢(n) denotes the number of all pos- 
itive integers not exceeding n which are relatively prime to n. The main purpose of this 
paper is using the elementary method to study all positive integer solutions of the equation 
S- SM(d) = ¢(n), and prove that this equation has only one positive integer solution n = 1. 


d|n 
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81. Introduction and results 


For any positive integer n > 1, let n = pf''p$? --- p;* be the fractorization of n into prime 


powers. In reference [1], the famous F.Smarandache multiplicative function SM(n) defined as: 
SM(n) = max{ayp1, A2po,-+: ane}. 


For example, the first few values of SM(n) are: SM(1) = 1, SM(2) = 2, SM(3) = 
3, SM(4) = 2, SM(5) =5, SM(6) = 3, SM(7) =7, SM(8) =2, SM(9) =3, SM(10) =5. 
About the elementary properties of SM(n), many people had studied it and obtained some 
interesting results. For instance, Xu Zhefeng [2] studied the mean value distribution property 
of SM(n), and proved the following conclusion: 

Let P(n) be the largest prime factor of n, then for any real numbers x > 1, we have the 


asymptotic formula: 





2 2¢(8) 22 x? 
Y (SM(n) - Pin)? = SP +o( 25), 


n<ux 


where ¢(s) is Riemann zeta-function. 
In reference [3], Chen Jianbin studied the solutions of an equation involving the F.Smarandache 
multiplicative function SM(n), and proved that for any positive integer n, the equation 


S$" SM(d) =n 
d\n 
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has two positive integer solutions n = 1,28, where > denotes the summation over all positive 
d\n 
factors of n. 


The main purpose of this paper is using the elementary method to study positive integer 
solution of the equation 


> SM(d) = o(n), (1) 
d|n 
and prove the following conclusion: 
Theorem. For any positive integer n, the equation (1) holds if and only if n = 1. 


§2. Some lemmas 


To complete the proof of the theorem, we need the following two simple lemmas. 

Lemma 1. For any positive integer n, if n = pip*(a > 1,p1 < p), then n is not a solution 
of the equation (1). 

Proof. 

(1) Ifw@=1, py, = 2, n = 2p satisfied equation (1). According to the definitions of SM(n) 
and ¢$(n), we have 








S > SM(d) =3+ 2p = 6(n) = p- 1, 
d| 


then p = 4, it is a contradiction. 
If p, > 2, n = pyp satisfied equation (1). We have 


> SM(d) =1+p1 + 2p = (n) =(~1 -1)(p- 1), 
d|n 
so 
pi(p — 1) = 2p, + 2p. 


We can easily get pi|2p, but (p1,2) = 1, so pi|p, this is impossible. 
(2) Ifa>1, py > 2,n= pyp* = n1p% satisfied equation (1). We have 


S>sM(d) = So SM(a)+ S> SO SM(d-p') 
d|n d\n 1<i<ad|n, 

= 1l4+p.+2(p+2p+-+ap) 

= ¢(n) 


= (pi —1)p*"*(p—1). 


If py F 2, pild(n), pl2(p + 2p +-+ ap), so p|p; +1, it is impossible. 
If p, = 2, » SM(d) is an odd number, but @(n) is an even number. Hence equation (1) 


d\n 
doesn’t hold. 


From the above discussion we know that n = pip°(a > 1,p1 <p) is not a solution of the 
equation (1). 
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o(n) 
d(n) 


Lemma 2. For any positive odd number n, we have 
1,3,5,7,9, 15,21. 
Proof. See reference [4]. 





> 4 if and only if n 


§3. Proof of the theorem 


In this section, we will complete the proof of the theorem. 
(1) Ifm =1, SSM (d) = SM(1) =1 = (1), so n= 1 is a solution of the equation (1). 


d|n 
(IL) If n = p®, a > 2, then equation (1) doesn’t hold. 
In fact, if equation (1) holds, then we have 


S> SM(d) =1+p+2p+---+ap=4(n) =p*"(p- 1), 
d|p* 


where p|(n), p| S_ SM(d), so p|1, it is impossible. 
d|pe 
If a= 1, n =p satisfied the equation (1), then we have 





S° SM(d) =1+p=¢(n) =p-1. 


d|p 





Obviously, §~ SM(d) > ¢(n). 


d|p 


Hence n = p® is not a solution of the equation (1). 


(III) If n = p@p9? --- pe*p% = nip, ((ni,p) = 1) a1 > 1,k > 2. Let SM(n) = ap, then 


S > SM(d) < SM(p%)d(nip*) = a(a + 1)pd(n1). 
d| 


o(n) = p*~"(p — 1)4(n1). 


2 
(A) Ifa=1, o(n1) > = (n, £ 2,n, £6), we have ye SM(d) < d(n). 
d(n1) 3 ale 
If ny = 2, from Lemma 1 we know that n = 2p is not a solution of the equation (1). 
If ny = 6, we have 





SS" SM(d) = 9+ 4p, 


d|6p 
obviously, it is an odd number, but ¢(n) is an even number, so n = 6p is not a solution of the 
equation (1). 
(B) Ifa > 1, SM(n) = ap. 


Firstly, we can easily prove the following four special cases: 


(i) If p F 2, (ma) > 4, we have a(a+1)pd(n1) < p®~!(p—1)¢(n1), so S- SM (d) < @(n). 
dl 





d(m1) 
(ii) If ny is an odd number, p F 2. 


(1) Ifp >7,a> 2, orp >5, a >3, we have a(a+1)p < p®'(p—1), so S- SM(d) < $n). 
dln 
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o(n1) 
d(n1) 
n = 3p*, 5p*, 7p*, Ip*, 15p%, 21p* are not solutions of the equation (1). 
o(n1) 

3) Ifp = 5, a= 2 and 
(3) If p d(na) 


52, 7-57, 3-7-5? are not solutions of the equation (1). 


(iii) m1 is an even number, p # 2. 





(2) If < 4, from Lemma 1, Lemma 2 and the above discussion we can easily get that 


< 4, from the above discussion we know that n = 3-57, 3?- 








If 2? | nm, and fon > 1, when p > 7, a > 2, or p> 5, a > 3, we have a(a+ 1)p < 
ny 
p*—'(p — 1), so S° SM(d) < ¢(n). When p = 5, a = 2, we can easily get n = 2?-7-5?, 
d|n 


n= 2?.3?-5? or n= 2?-3-7-5? are not solutions of the equation (1). 


If oe <1, n, = 22-3, then n = 22-3-p%. 

ny 
(iv) Ifp = 2, a> 4 and we > 4, we have ‘> SM(d) < $(n). 
I d|n 


If a = 2 or 3, we can calculate that n = 3-27, n = 3-23 or n= 5- 2? are not solutions of 








the equation (1). 


If Th < 4, from (II) and Lemma 2 we can get n = 2%, 3.2%, 5-2%, 7-2%, 9-2%, 15.2%, 
ny 


21-2 don’t satisfy the equation (1). 
Now let’s consider other cases: 
(1) If 2||n1, n = 2p5? --- pe*p* = 2ni(k > 2) satisfied the equation (1), then we have 





> SM(d) =2 > SM(d) +8 = (nm) = p32" "(po —1)---pg** (pe — 1)p* "(Pp — 1). 
d| d\ni 
d>1 


In the above equation, 2 S- SM(d) +3 is an odd number, but ¢(n) is an even number, so 


d|ni 
d>1 
n = 2pS?---p?*p%(k > 2) is not a solution of the equation (1). 


(2) TE 2? ||, 74 = 27 py? ++ (k > 2). 
® If p =3,a > 5, it is easy to prove that a(a+1)p < p®1(p—1), so we have > SM(d) < 
d|n 

@(n), thus there is no solution of the equation (1). | 

If a = 2, n = 2?- 3%- 5, we can easily prove that n = 2? - 32-5 is not a solution of the 
equation (1). 

If a = 3, n = 27-33 -5 or n = 2?- 33-7, we can also easily prove that n = 2? - 33-5 or 
n = 2?.3°-7 are not solutions of the equation (1). 


= o(n1) 
If a= 4 and dm) 


n= 2?.34-5, n=2?-3*-7 or n= 22-34-11 are not solutions of the equation (1). 
@ If p 4 3, from (B) (iii) we know that n = 2?-3-p%. Since 


<4, n= 2?-34-5, n =2?-34-7 or n= 2?- 34-11, we can prove that 





S> SM(d) =65— SM(d) +17 = ¢(n) = 4p*"'(p — 1), 
d|2?.3-p% d|p* 
d>1 
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and 6 S- SM(d) +17 is an odd number, ¢(n) is an even number, thus n = 2?-3- p® is not a 
d|p~ 
d>1 
solution of the equation (1). 
(3) If 2° | ny (a > 3). 
® If p = 3,a > 5, we have a(a+1)p < p®1(p—1) and (ra) 


d(n1) 





> 1, then S~ SM(d) < 4(n), 
dln 
so there are no solutions of the equation (1). 





If a= 2 and o(n1) <A, it is easy to prove that n = 2° -3?, n = 2°-3?-5 are not solutions 








d(n1) 
of the equation (1). 
If a =3 and 7 < 4, we can calculate that n — 23-3? -5, 23. 33.7, 24.33, 24.33.5 
are not solutions of the equation (1). 
Ifa —4 and oe < 4, obviously, n = 23 -34-5, 23-34-7, 24.34, 24.34.5, 25.34 are not 


solutions of the equation (1). 


@ If p = 5,a = 2, when o(n1) 


d(n) 





> 4, from (B) (i) we know that there are no solutions of 

equation (1). 

i 2) 

d(n1) 

23.3-57-7, 23.32-52.7, 24.3-57, 24.3.5? are not solutions of the equation (1). 
In a word, the equation (1) has only one positive integer solution n = 1. 





< 4, we can easily prove that n = 2°-3-5?, 23. 37.52, 23.33.52, 93.7. 5?, 


This completes the proof of the theorem. 
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Abstract In this work, notion of slant helix concept in [6] is extented to the space E*. With 
an analogous way, we define 3-type slant helices whose trinormal lines make a constant angle 
with a fixed direction in E*. Moreover, some characetrizations of such curves and other forms 
(in the case of principal lines or binormal lines make a constant angle with a fixed direction) 


of slant helices are presented. 


Keywords Euclidean space, frenet frame, slant helices. 


81. Introduction 


It is safe to report that many important results in the theory of the curves in E? were 
initiated by G. Monge; and G. Darboux pionnered the moving frame idea. Thereafter, F. Frenet 
defined his moving frame and his special equations which play important roles in mechanics 
and kinematics as well as in differential geometry (for more details see [1]). 

In the case of a differentiable curve, at each point a tetrad of mutually orthogonal unit 
vectors (called tangent, normal, binormal and trinormal)was defined and constructed, and the 
rates of change of these vectors along the curve define the curvatures of the curve in the space 
E* [3]. And this tetrad and curvatures are called all together ’Frenet Apparatus’ of the curves. 
And helices (inclined curves) are well known concepts in the classical differential geometry [5]. 
Recall that an arbitrary curve is called a W-curve, if it has constant Frenet curvatures [4]. 

The notion of slant helix is due to Izumiya and Takeuchi [6]. They defined that a curve 
y = ¥(s) with non-vanishing first curvature is called a slant helix in E° if the principal lines 
of y make a constant angle with a fixed directon. In this paper, we investigated slant helices 
and other cases (if the binormal lines or trinormal lines make a constant angle with a fixed 


direction) and gave some characterizations of mentioned curves in the space E*. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of 
curves in the space E* are briefly presented (A more complete elementary treatment can be 
found in [3]). 


52 Melih Turgut and Suha Yilmaz No. 1 





Let a: I C R= E* be an arbitrary curve in the Euclidean space E*. Recall that the curve 
a is said to be of unit speed (or parametrized by arclength function s) if (a’(s),a’(s)) = 1, 
where (.,.) is the standart scalar (inner) product of E4given by 


(X,Y) = 2191 + Layo + r3y3 + Lays, 


for each X = (21, %2,23,24), Y = (yi, y2,y3, ya) € E*. In particular, the norm of a vector 
X € E* is given by 


|X] = V(X, X). 


Let {T(s), N(s), B(s), E(s)} be the moving frame along the unit spped curve a, where 
T,N,B and E denote, respectively the tangent, the principal normal, the binormal and the 
trinormal vector fields. Then the Frenet formulas are given by [2] 


Jk 0 K 0 O T 
N' —K 0 rT 0 N 
= (1) 
B’ 0 —T o B 
EB’ 0 0 -o EB 


The real valued functions k,7 and o are called, respectively, the first, the second and the 
third curvature of a. If ¢ 4 0 for each s € I C R, the curve lies fully in E*. Recall that the 
unit sphere S? in £4, centered at the origin, is the hyper surface defined by 


aie ee 1%, 


In this work, we shall assume that « 40,7 #0 and o £0 for each sE IC R. 


§3. Characterizations of Some Special Helices in E* 


Theorem 1. There isn’t any curve in E* such that; 

i) The principal normal lines of it make a constant angle with a fixed direction. 

ii) The binormal lines of it make a constant angle with a fixed direction. 

Proof. 

i) Let us suppose there is a curve which is defined with statement i. Thus, we can write 
that 


N.U = cosy, (2) 


where U is a constant vector (fixed direction) and w is a constant angle. Differentitating 


both sides of (2) and considering Frenet equations, we get 


(—KT +7B).U =0. (3) 


(3) implies that T L U and B 1 U. Therefore we can compose U as 
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U=uN + ub. (4) 


Differentiating (4), we easily have 


U, = COSW = U2 = 0, (5) 


which is a contradiction. 
ii) Similar to above proof, let us assume that there is a curve which hold statement ii. Now, 


we write 


BU =cos€, (6) 


where U is a constant vector (fixed direction) and € is a constant angle. Following same 
procedure in proof of i, we have components of U zero, respectively. This result yields a 
contradiction. 

Definition. A curve w = y(s) is called a 3-type slant helix if the trinormal lines of w 
make a constant angle with a fixed direction in E+. 

Theorem 2. Let 7 = 7(s) be a 3-type slant helix with non-vanishing curvatures in FE’. 


i) There is a relation among curvatures of w as 


ae = B.cos | 1eds - A.sin [rds (7) 
T 
0 0 


ii) Fixed direction of this helix can be written as 


s Ss 


U= (A.cos f rds-+B.sin f nds)P + co86.2.N + cos SE, (8) 
vig 
0 0 


where 6 # ke is a constant angle and A and B are real numbers. 
Proof. 


i) From definition, we write 


E.U = cos 6, (9) 


where U is a fixed direction and 6 # ke is a constant angle. Differentiating both sides of (9), 
we have 
—oBU=0. (10) 


And therefore, we compose constant vector U as 


Differentiating both sides of (11) respect to s and considering Frenet equations, we have a 
system of differential equation as 


54 Melih Turgut and Suha Yilmaz No. 1 





d 
aout uk = 0 
ds 
ae +uiK =0 
ds : (12) 
U2T — U3Z0 = 
dms3 
—=0 
ds 
Using (12)4, we have 
u3 = cos 6 = constant. (13) 


Here, u3 can not be zero. If it is, then U lies fully in TN hyperplane and it follows that 
uy = ug = 0. Thereby uz 4 0. Substituting (13) to (12)3, we have 
ug = cos i (14) 
T 
Using equations (12); and (12)2, we have second order differential equation as follow: 


d 1 du, 


mre aoe y cS 
Using exchange variable t = [ «ds in (15), we obtain 
0 
du, 


Solution of (16) gives us the first component 


Uy = A.cos [reds + B.sin [ ds, (17) 
0 0 


where A, B are real numbers. And we easily have the second component 


Ss s 


ug = B.cos | ids — A.sin [eds = cos 5.2. (18) 
i 
0 0 
(18) completes proof of i). 


ii) Using obtained equations we write fixed direction as follow: 


8 8 
U= (A.cos | nds + B.sin f nds)T + cos 6. N + cos dE. (19) 
0 0 ’ 

Corollary. The third curvature of 3-type slant helix in E+ can not be zero. Therefore, w 
never lies in TNB subspace. 

Theorem 3. 3-type slant helix with non-vanishing curvatures can not be a W—curve in 
Et. 

Proof. Let us suppose 3-type slant helix with non-vanishing curvatures is a W—curve in 
E*. In this case, if we consider solution of (12), we have 
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Ur = U2 = uz = 0, (20) 


which is a contradiction. 
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Abstract For any positive integer n, the famous Smarandache double-factorial function 
Sdf(n) is defined as the smallest positive integer m such that m!! is divisible by n, where the 
double factorial m!! = 1-3-5---m, ifm is an odd number; and m!! = 2-4-6---m, ifm is an even 
number. The main purpose of this paper is using the elementary method to prove that for each 


k > 4, there exist infinite group positive integers (m1, m2, --- , mx) such that the equation 
k 


k 
Sdf (>: ) = S- Sdf(m;), and also for any positive integer k > 5, there exist infinite group 
i=1 


i=1 
k 


k 
positive integers (mi, m2, --: , mx) such that the equation Sdf (11 ms) = S- Sdf (mi). 
i=1 


i=l 


Keywords Vinogradov’s three-primes theorem, the Smarandache double-factorial function. 


81. Introduction and results 


For any positive integer n, the famous Smarandache double-factorial function Sdf(n) is 
defined as the smallest positive integer m such that m!! is divisible by n, where the double 


factorial 


‘ 1-3-5---m, if m is an odd number ; 
mi = 
2-4-6---m, if mis an even number. 


For example, the first few values of Sdf(n) are: 


Sdf(1) =1, Sdf(2) =2, Sdf(3) =3, Sdf(4) =4, Sdf(5) =5, Sdf(6) =6, 
Sdf(7) =7, Sdf(8) =4,Sdf(9) =9, Sdf(10) = 10, Sdf(11) = 11, Sdf(12) =6, 
Sdf(13) = 18, Sdf(14) = 14, Sdf(15) =5, Sdf(16) =6.---. 

In references [1] and [2], F.Smarancdache asked us to study the properties of Sdf(n). About 


this problem, some authors had studied it, and obtained some interesting results, see references 
[3], [4] and [5]. In reference [4], Zhu Minhui proved that for any real number x > 2, we have 


Tn? x? x 
D, Séf(n) = 24 Ine -o( 7 


In? 2 
n<ux 


the asymptotic formula 
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Wang Jianping [5] proved that for any real number x > 1 and any fixed positive integer k, we 
have the asymptotic formula 


2_ ¢(3) 2° Kg 23 cig 
Deel) 209) ~ 24 Ing d, Into 0( cer): 





where P(n) denotes the largest prime divisor of n, and c; (i = 2, 3, ---, k) are computable 
constants. 

The main purpose of this paper is using the elementary method to study the positive 
integer solutions of two equations involving the Smarandache double-factorial function Sdf(n), 
and obtained two interesting results. That is, we shall prove the following: 

Theorem 1. For each positive integer k > 4, there exist infinite group positive integers 
(m1, M2-++, Mz) such that the equation 


k k 
Sdf (>: m) = ys Sdf (mi). 


Theorem 2. For any positive integer k > 5, there exist infinite group positive integers 


(m1, M2, +++, Mz) such that the equation 


k k 
Sdf (11 m) - sy Sdf (mi). 


§2. Proof of the theorems 


To complete the proof of our theorems, we need the famous Vinogradov’s Three Prime 
Theorem, which was stated as follows: 

Lemma 1. There exists a sufficiently large constant K > 0, such that each odd integer 
n > K can be written as a sum of three primes. That is, n = pi+po+p3, where p; (¢ = 1, 2, 3) 
are odd primes. 

Proof. (See reference [8]). 

Lemma 2. Let & > 3 be an odd integer, then any sufficiently large odd integer n can be 
written as a sum of k odd primes 


n= pit pot: + De. 


Proof. (See reference [6]). 

Now we use these two Lemmas to prove our theorems. First we prove Theorem 1. If k > 4 
be an odd number, then from Lemma 2 we know that for any prime p large enough, it can be 
written as a sum of & primes: 


D= Pit p2 +--+ + Pr: 
By the definition of Sdf(n), we know that Sdf(p) = p. This implies 


p= Sdf(p) = Sdf(pi t+ po +--+ pe) = pit pet+:-:+ pe = Sdf(pi) +--+: + Sdf (px). 
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If k > 4 is an even number, then k — 1 > 3 is an odd number. So if prime p large enough, 


then p— 2 can be written as a sum of k — 1 primes: 
p-2=pi+pot+--++ pri. 


This implying 
p=2+pitpat-->+De-1 


or 
p = Sdf(p) = Sdf(2+p1tpet:--+pe—1) = 24+p1+pet: --+pp—1 = Sdf(2)+Sdf(p1)+- -:-+Sdf (px). 


Since there are infinite primes p, so there exist infinite group positive integers (mj , m2--- , Mx) 
such that the equation 


k k 
Sdf (>: m) - Dd Sdf (mi). 


This proves Theorem 1. 
Now we prove Theorem 2. If k > 5 be an odd number, then k — 2 > 3 is also an odd 
number. For any prime p large enough, from Lemma 2 we know that p can be written as a sum 


of k — 2 primes: 





P= Pi + po + p3 +++* + Pra. 
Note that Sdf(p?) = 3p, so from the above identity we have 


Sdf(pi-2++*Pr-2°p-p) = Sdf(p*) =3p= pi +po+--++pr—2 + 2p 
k-2 


= S°Sdf(pi) + Sdf(p) + Sdf(p). 


i=l 


Taking m; = pi, t= 1, 2, K-— 2, mp_1 = mz = p, then the above formula implies 


k k 
Sdf (11 ms) = > Sdf (mj). 


If k > 5 is an even number, then k—3 > 3 is an odd number. For prime p large enough, from 





Lemma 2 we know that p—4 can be written as a sum of k—3 primes p—4 = p,+pot+---+pr_3.- 
So we have 
2Qp=24+2+p1+pot+-::+pr3+p. 


This implies 


Sdf(2-2+pi-po-++++ Dea p) =2p=2+2+pitpot-+++ pra +P. 








Taking m; = pj,i=1, 2, ---, K-—3, mp_o = Mp_1 = 2, my = p, from the above formula we 
may immediately deduce the identity 


k k 
Sdf (11 ms) = » Sdf(m,). 


i=1 
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Since there are infinite primes p, so there exist infinite group positive integers (mj , m2--- , Mx) 


such that the equation 
k k 
Sdf (11 ms) = > Sdf (mi). 
i=1 w=1 


This completes the proof of Theorem 2. 
It is clear that our method of proving Theorem 2 is useless for k = 4. Whether there exist 


infinite group positive integers (m1, m2, m3, ma) such that the equation 


4 4 
Sdf (11 m) = > Saf (mi) 


is an open problem. We believe that it is true. 
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Abstract Expressions of type r, = > — — logan (an > 0) will be called of Euler— 

ak 

k=1 

Mascheroni type, as for a,x = k we obtain a sequence of approximations of the Euler— 
Mascheroni constant y. The aim of this note is to solve two open problems posed by K. 
Kashihara [1] related to the convergence or divergence of (an) when an = pn (nth prime), and 
Gy, = S(n) (Smarandache function). An analogues result on the Smarandache ceil function is 


pointed out, too. 
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81. Introduction 


Let (a) be a sequence of strictly positive real numbers, and construct the new sequence 
(%») defined by 


n 


tm = Si ——logan (n= 1,2,...). (1) 


a 
ka “* 


“1 
For a, = k (k = 1,2,...) one obtains x, = S- i log n, which gives the well-known Euler 


k=1 
sequence (or Euler-Mascheroni sequence), having as limit the Euler—Mascheroni constant 7 (see 


3). 

In his book [1] (see p. 42), K. Kashihara posed the problems of convergence or divergence 
of sequence (2,,) given by (1) for the particular cases a, = px, the k-th prime; as well as 
a, = S(k), the Smarandache function value. We will prove the following: 

Theorem. The sequence (x}) given by 


(at) = 32 — — log pn (2) 


‘a 


is divergent, being unbounded from below. The sequence (x2) given by 
(02) = gig — lo S(n) (3) 
Be ee) 


is divergent, being unbounded from above. 
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§2. Proof of the theorem 


An old result of P. Chebyshev (see e.g. [2]) states that 


1 
S > = = loglog x + B + o(1), (4) 


pSa 


where p denote primes. This means that 


S-  _loglog pr 


PSPn 


is a convergent sequence. Remarking that 


1 
gi = - — — log log p, } + log log p, — log pp, 


PSPn 

and by 
lo 
log log pn — log pn = log (22) : 
Pn 
_ log pn ; 
since ——— — 0 as n — oo we get that 7, — —oo as n — oo. This proves the first part of the 
Pn 

theorem. 


For the second part, put n = m!, then, since S(n) = min{k > 1: n|k!}, we have S(n) =m, 


1 1 1 
a= (lt+tst+---4 l on 
Ln ( 5 a ogm ] + S(m)’ 
k<n 
kAll,i<n 


and 





1 
because for k = I!, 1 < m one has S(k) = 1. Now, the last sum is greater than S- —, as for 


p<n 
primes k = p< none has S(k) = S(p) = p, and p# I!. It is well known that 


p=1 


so as m — 00, clearly (x7) becomes unbounded from above, since the term 





1 
l+i+---4 logm 
m 


is bounded. 

Remarks. 

1) For many improvements of (4) see our monograph [2]. 

2) For generalized Euler-Mascheroni constants, see our paper [3]. 

3) The above proof shows that S(n) may be replaced by any function having the properties 
S(k!) =k and S(p) = p (p prime). 
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4) Let So(n) = min{m > 1 : n|m?} be the Smarandache ceil function of order 2. By 
defining 





1 
eo = S- Sb) — log S'9(n). (5) 


k=1 


n 


We can prove similarly that (23) is an unbounded (from above) sequence. Even, a more 
precise result holds true. Indeed, recently Wang Xiaoying [4] proved that 





1 3 1 
= — log* a+ Ail A ra) 
S- So(n) > In? og” x tloga+ Az + O(« ) (6) 


n<a 
Since \/n < S2(n) < n, we have 
log $2(n) = O(log n) = O(log? n), 
so by (6), it follows that 


x 3 


log? n ~ On? 





as 1 xX. 
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Abstract The minimum cancellative monoid congruence on L*-inverse semigroups is given 

in this paper. On the basis, we investigate a subclass of £*-inverse semigroups, namely, U*- 

inverse semigroups. It is proved that a semigroup S is an U*-inverse semigroup if and only if 
fe} 


for any x € S there exist a unique element x° € Hf such that x < 2°. 


Keywords C*-inverse semigroups, U*-inverse semigroups, cancellative monoids. 


81. Introduction 


Regular semigroups play a major role in the theory of semigroups. It is well known that 
inverse semigroups, left(right) inverse semigroups and orthodox semigroups etc, are the most 
important semigroups in the class of regular semigroups. In generalizing regular semigroups, 
Fountain [7] introduced abundant semigroups. As a generalization of left inverse semigroups 
in the range of abundant semigroup, Ren and Shum [1] studied £*-inverse semigroups and 
established the structure of £*-inverse semigroups. In this paper we will study the minimum 
cancellative monoid congruence on £*-inverse semigroups. On this basis, we will investigate 
a special class of £*-inverse semigroups, that is, U*-inverse semigroups. We will prove that 
a semigroup S is an U*-inverse semigroup if and only if for any x € S there exist a unique 
element «° € Hf such that x < 2°. 

For terminologies and notations not given in this paper, the reader is referred to the text 


of Howiel8). 


§2. Minimum cancellative monoid congruences 


In this section, we give some basic results which are related with £*-relation and R*-relation 
on a semigroup S. 

Lemma 2.1 !! Let S be a semigroup and a, b € S. Then the following statements hold: 

(i) (a,b) € £* if and only if for all z, y€ $1, az = ay ==> br = by. 

(ii) for e? = e € S,(e,a) € L* if and only if ae = a and for all z, y € S!, aw = ay => 


ex = ey. 
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It is noted that the dual results of the above for #* also hold and also the relation H* 
is defined to be the intersection £* and R*. We denote a typical idempotents of R* (L*) by 
at (a*). The natural partial order < on an abundant semigroup S is defined by a < b if and 
only if for some e, f € E(S), a= eb=bf. Thus, we denote the set {f ¢ E | f < e} by w(e). 

It is easy to check that £* is a right congruence while R* is a left congruence. 

The following lemma due to Lawson is very useful description of JC’ abundant semigroups. 

Lemma 2.2 |! Let S be an abundant semigroup. Then the following statements are 
equivalent: 

(i) S is IC; 

(ii) For each element a € S, and for some (all) a* € L*() E(S), at € R*() E(S), the 
following two conditions hold: 

(a) For all e € w(a*), there exist g € w(a*) such that ae = ga; 

(b) For all f € w(at), there exist h € w(a*) such that fa = ah. 

Lemma 2.3. |! Let S be an abundant semigroup and a,b € S, then the following state- 
ments are equivalent: 

(i) acd; 

(ii) for each b+ and b*, there exist at € w(bt), a* € w(b*) such that a = atb = ba*. 

Recall in [1] that an abundant semigroup S' is called an £*-inverse semigroup if S is an IC 
semigroup and the set of idempotents EF of S forms a left regular band, i.e. fef = fe for all 
e, feb. 

Now we define a relation o on an £*-inverse semigroup by (a,b) € o if and only if ea = eb, 
for some e € E(S). 

Lemma 2.4. Let S be an £*-inverse semigroup. Then the following statements are equiv- 
alent: 

(i) (a,b) € 9; 

(ii) ga = hb, for some g, h € E(S). 

Proof. It is immediate that (i) implies (ii). To show that (ii) implies that (i), we assume 
that ga = hb for some g, h € E(S). Then, we have gh-ga = gh-hb which gives gh-a = gh-b since 
E(S) is a left regular band. Taking e = gh, we have ea = eb for e € E(S) and so (a, b) Eo. 

A congruence p on a semigroup S is called a cancellative congruence if S/p is a cancellative 
semigroup. It is easy to see that every semigroup S' has the minimum cancellative congruence, 
denoted by a. 

Theorem 2.5. Let S be an £*-inverse semigroup. Then o is the minimum cancellative 
monoid congruence on S. 

Proof. It is easy to see that the relation o is reflexive and symmetric. To show that a is 
transitive, we assume that (a, b), (b, c) € o for any a, b, c€ S. Then there exist e, f € E(S) 
such that ea = eb and fb = fc. Clearly, fea = feb and fefb = fefc which gives feb = fec 
since E(S) is a left regular band. This leads to (a, c) € o and so a is equivalence on S. 

To show that o is a congruence on S, we suppose that (a, b) € o for any a, b € S. Then 
there exist e € E(S) such that ea = eb and so cea = ceb for any c € S. Since E(S) isa 
left regular band, it follows that c*e-c* = c*e and c* - c*e = c*e which gives c*e € w(c*). 


By Lemma 2.2, there exist an idempotent f € w(ct) such that ce = cc*e = fc. Hence, 
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fca = cea = ceb = fcb and so (ca, cb) € o. This shows that o is a left congruence on S. It is 
trivial to see that o is a right congruence and so o is a congruence on S. 

Now we prove that o is a cancellative congruence on S. To do this, let a, b,c € S such 
that (ac)o = (bc)o. Then for some e € E(S), eac = ebc. Since cCR*c*, we have eact = ebct. 
Clearly, eact = eaa*ct = eaa*c*a*. Putting f = a*cta*, we have f € w(a*). It follows by 
Lemma 2.2 that eact = ega for some g € w(at) C E(S). Similarly, ebct = ehb for some 
he E. Thus, by Lemma 2.4, we have that ao = bo and so a is a right cancellative congruence 
on S$. To show that o is a left cancellative congruence on S, we suppose that a, b, cE S 
with (ab)o = (ac)o. Then for some e € E(S), eab = eac. Since S is abundant, we have 
(ea)* -b = (ea)*-c and bo = co. Hence, a is a cancellative congruence on S. 

Because F(S) is left regular band, we have fe-e = fe-f for alle, f € EF and so (e, f) Ea. 
Hence, S/o have unique idempotent. 

In fact, o is the minimum cancellative monoid congruence on S. To do this, we assume 
that p is a cancellative monoid congruence on S' and (a, b) € o. Then there exist idempotent 
e € E(S) such that ea = eb. Clearly, (ea)p = (eb)p, that is, epap = epbp. Hence, ap = bp since 
p is a cancellative congruence on S. This shows that (a, b) € p and so a C p. 


Consequently, o is the minimum cancellative monoid congruence on S. 


§3. U*-inverse semigroups 


Suppose that S is an abundant semigroup with identity 1. We always denote the #/*-class 
of S containing 1 by Hy. And also, for any a € S, write P(a) = {b € Slja=ebf, eR*aand fLl*a 
fore, f € E(S)} and U*(a) = P(a)N HZ. 

Now we give the following: 

Definition 3.1 An £*-inverse semigroup S$! with the identity 1 is said to be an U*-inverse 
semigroup if | U*(#) |= 1 for all « € S. 

For £*-inverse semigroups, we have the following observations. 

Lemma 3.2. If S is an £*-inverse semigroup with the identity 1 and a, x are elements of 
S such that x € H{ and a= eaf for some e, f € E(S), then x € U*(a). 

Proof. Clearly, (7,1) € H* and f € w(1). It follows by Lemma 2.2 that there exists an 
idempotent g € w(xt) such that a = egzx. Since R* is a left congruence on S$ and rR*xt, we 
immediately obtain a = egxR*egxt = eg which implies that at = eg since every R*-class of S 
contains a unique idempotent. Hence, a = ataxa*. This shows that « € P(a) and so x € U*(a). 

Corollary 3.3. Let S' be an £L*-inverse semigroup with the identity 1. Then P(a) = {be 
Sla=atbf, fL*a andf € E(S)}, for allae S. 

Theorem 3.4. A semigroup S is an U*-inverse semigroup if and only if for any x € S, 
there exist a unique element x° € Hj such that x < 2°. 

Proof. Assume that S is an U*-inverse semigroup and x € S. Then there exists a unique 
element 2° € U*(x) such that « = ata°f, where «tR*xLl* f for some f € E(S). By Lemma 
2.2, there exist idempotents g, h € E(S') such that 


gee ef =e he =o of. 
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This implies that 7 < 2°. 

To prove the converse part, we suppose that for every x € S there is a unique element 
x° € Hj such that x < x°. By Lemma 2.3, there exist e € w((x°)*) such that 2 = ex°. Since 
Sis an IC abundant semigroup, by Lemma 2.2, we have that 


x =exr° = cer = ex f (f € w((#°)*)). 


It follows from Lemma 3.2 that 2° € U*(a). This leads to | U*(#) |= 1 and so S is an U*-inverse 


semigroup. 
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Abstract The main purpose of this paper is using the elementary method to study the value 
distribution property of the Smarandache multiplicative function, and give an interesting 


asymptotic formula for it. 
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81. Introduction 


Let n and m are two positive integers with (n, m) = 1, the famous Smarandache multi- 


plicative function f(n) is defined as following: 


f(nm) = max{f(n), f(m)}- 


It is easy to know that Smarandache multiplicative function is not a multiplicative function, in 


fact, for two different primes p and q, 


f(p° a") fe) F(a"). 


About this function and many other Smarandache type functions, many scholars had stud- 
ied them properties, see [1], [2], [3] and [4]. For example, professor Henry Bottomley [5] had 
considered eleven particular families of interrelated multiplicative functions, many of which are 
listed in the Smarandache’s problem. Tabirca [6] proved an interesting properties about the 
Smarandache multiplicative function: If f(n) be the Smarandache multiplicative function, then 


g(n) = min{f(d): dln, de N} 


is the Smarandache multiplicative function too. 

For any fixed positive integer n, let p(n) denotes the greatest prime divisor of n, S(n) = 
minf{fm: m€ N, n|m!} be the Smarandache function. From this, we know that p(n) and S(n) 
are the Smarandache multiplicative functions. Dr.Z.F.Xu [7] deduced that for any real number 
xz > 0, 





3) 73 22 
X(8(n) — p(n)? = 2" ro( 5 ) 


n<x 
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where ¢(s) is the Riemann zeta-function. 
Now, for any prime p and positive integer a, we define f(p%) = pe. Let n = pf ps? +++ per 
be the prime power factorizations of n, then from the definition of f(p%) we have 


1<i<r 1<i<r 


Fn) = max (F000) = max {oP}. 


It is clear that f(n) < p(n). In this paper, we shall use the elementary method to study 
the value distribution property of f(n) in the following form: 


de (f(r) = p(n)’, 


where x > 1 be a real number, and give an interesting asymptotic formula for it. In fact, we 
shall prove the following result: 
Theorem. For any real number x > 3, we have the asymptotic formula: 


323 a 
T(s(n) - p(n? = WE" ( 7 


In? x 
n<ux 





where ¢(s) is the Riemann zeta-function. 


Note. For any prime p and positive integer a, we define f(p*) = pet, Let n = 
pips? -:- per be the prime power factorizations of n, then from the definition of f(p%) we 
have 


fn) = sna (70089) = amas {9 


1<i<r 1<i<r 


Let x be a positive real number, whether there exists an asymptotic formula for 


= (#0) - vem) 


n<u 


is an unsolved problem. 


§2. Some lemmas 


To complete the proof of the theorem, we need one simple Lemma. 
Lemma. Let p be a prime and a > 0 be an integer, then for any fixed positive integer 
m, we have the asymptotic formula: 


eed orl 

m Lom Lom 
oo * LO . 
ae 7 a+1 Ing (=) 


2<p<am 





Proof. Let (x) denotes the number of the primes up to x. Noting that 


& xv 
So i) 
n(z) = + (4). 


from the Abel’s identity [8] we have 
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S- po = n(x) (x#)"— 0 f n(t)te—* 


atl atl atl atl att 
_ wom a wim LO wom —  m _& Ms 5 O vom 
5G acs Pee ' aay 
lInxvm a+llnaenm ln* xm a+l1 Ing ln* xm 


This proves Lemma. 














§3. Proof of the theorem 


Now we completes the proof of our Theorem. For any fixed positive integer n, let p(n) 
denotes the greatest prime divisor of n, we shall debate this problem in following three cases: 
(I) Ifn=nyp(n) with (n1, p(n)) = 1 by the definition of f(n), then 
f(n) = max{f(ni), f(p(n))} = p(n), 
so f(n) — p(n) = 0 in this case. 
(Il) Ifn=njp?(n) with (ni, p(n)) =1, here p(n) < n2, hence 


S> (f(m)— p(n)? = SY) (Ff? (rip?) — 2pf(mip*) +P?) 


n<u ny p2<x 
n=n,p?(n) p(ni)<p 
= a f?(mip*) — 2 ys f(nip?)p+ S> p=h-2h +13. (1) 
nyp?<a nip? <a nip?<a 
p(ni)<p p(n1)<p p(n1)<p 


Let p; be the greatest prime divisor of n1, if ny = nepf with a > 2, then f(n) = \/p; 
otherwise ny = ngpi with (n2,p1) = 1, so 


h= DS Pm’)= DY Pewpp)+ DD po 


nip? <a nopip? <x n2pF p? <a 
p(n1)<p pi<p pi<p 
_: 2 
= "pit SS p+ DY Bp. (2) 
n2pip? <« nopip?<a« nope p? <a 
Pi>VP PiSVP 


By using Lemma, we can deduce that 











1 
4 2 G2 a ib 
Sts De Dek Yon! 
nopip?<« napi<ns PSv/ many nopi<a3 
Pi>V/P 
x3 3 1 v3 3 
< nz< ; 
Ing 27 Pm In? x 8) 


1 
pySu3 ng<x3 /py 


Similarly, we have 





YS ps BO YM eK (4) 


2.2 
In* x 
2 1 
Mepip Se N2pi cus PS V nari 
Pi</P 
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Sa 

= 
n2pF pp? <a me 
From (2), (3), (4) and (5), we may immediately obtain 


4 


3 
In? x 
According to the estimate method of I;, we can also get 


Ih = So f(mp*)p 
nip? <a 
p(n1)<p 
3 3 
= So pp+ dS) p+ SO p 
n2pip? <x n2pip? <x n2pt p? <a 
Pi>VP PiSV/P 


7 
x6 IniIna 


h< 





s lng 


Now, we will calculate Jz. By using Lemma and note that p(n) < n?2, we have 


is = Ye 


nip?<a 
p(ni)<p 


= 2g 


ny<23 p?<a/ny 


lI 
i) 
8 
tole 
8 





3 Zz 5 
3n? (Ina — lnm) nz In* ,/= 





Qn2 fi 
= ee ye > 


2 
ni<eVvine ny 


3 3 
2¢(5)r3 ot 2), 
3lnza In x 


where ¢(s) is the Riemann zeta-function. 
From (1), (6), (7) and (8), we may immediately deduce the case (II) 


2¢(3 x? x2 
TUln) — p(n? = WE" Lo (2) 
ee n# In* x 
(III) If nm = nip*(n) with a > 3, note that 


22 = 2 2. © 


nip? <x n1<x“ 
p(m)<p vs(sq) 


— 1 
eVint <n <a3 





Q|R 


eB 
n 


Qe 
Qlw 
bolo 


x 


1\— x 
Ing SS (<) ™ In? x’ 


n1<x 


< 
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so in this case 





Den) - vin)? « = 


n<u 


Combining three cases above, for any real number x > 3, we have the asymptotic formula: 


dfn) = pln)? = ee ~ (= : 


n<ux 





where ¢(s) is the Riemann zeta-function. 


This completes the proof of Theorem. 
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Abstract Let p; and p2 are two primes with p; < p2 and p2 — pi = 2, we call such pairs of 
primes are twin primes. About the elementary properties of twin primes, some authors had 
studied it, and obtained some interesting results. In reference [1], F. Smarandache asked us 


to prove that p and p+ 2 are primes if and only if 


1 2 1 1 
1)! 
wee { p ptr2 } p pt+2 
is an integer. This result is called Smarandache Criterion for twin primes and has been proved 
in [6], [7] and [8]. In this paper, we use the elementary methods to study this problem, and 





prove that it is true. 


Keywords Twin primes, pseudo-twin primes, congruence. 


§1. Introduction and results 


Let p; and p2 are primes, if py < po and po — p, = 2, we call such pairs of primes are 
twin primes. For example, 3 and 5, 5 and 7, 11 and 13, 17 and 19, 29 and 31, ---, are all 
twin primes. About the elementary properties of twin primes, some authors had studied it, and 
obtained some interesting results, see reference [2], [3], [4] and [5]. 

Let p be a positive integer, in reference [9], Kenichiro Kashihara called that p and p + 2 
are pseudo-twin primes if and only if 

(poTl+l (etait 1 
Pp : pt+2 
Simultaneously, Florentin Smarandache also proposed the following two problems: 


Problem 1. Let p be positive integer, prove p and p+ 2 are twin primes if and only if 





is an integer. 





p pt2 p pt2 
Problem 2. Are there pseudo-twin primes that are not classic twin primes? 

About these two problems, it seems that none had studied them, at least we have not seen 
related paper before. The main purpose of this paper is using the elementary methods to study 
these two problems, and solved them completely. That is, we shall prove the following: 

Theorem 1. let p be a positive integer, then p and p+ 2 are twin primes if and only if 


(p— 1)! : 2 : : is an intege 
! t } t 1s an integer. 
52 p pt2 p pt2 8 


1 2 1 1 : ; 
(p — 1)! + +--+ is an integer. 





Vol. 4 A problem related to twin primes 73 





Theorem 2. Pseudo-twin primes must be classic twin primes except p = 1, p+ 2 =3. 


§2. Proof of the theorems 


In this section, we shall complete the proof of the theorems directly. First we prove that if 
p and p+ 2 are twin primes, then 


( 1)! oh 2 ae 1 
P ‘Lp pt+2 p pt2 


is an integer. In fact from the Wilson’s Theorem we know that for any prime p, 





(p — 1)! = —1(modp). 


So 
p|(p—1)!+1. 
Therefore 
(p—1)!4+1 
p 


is an integer. (1) 
Since p+ 2 be a prime, we also have (p+ 1)! + 1 = 0(modp + 2), so 
(p—1)!-p- (p+ 1) +1 = O(modp + 2) 


or 
2(p — 1)! +1 = O(modp + 2). 
That is to say, 


(p—1)!+1 


aa is an integer. (2) 


Note that 





? 


1 2 1 1 —1)!4+1 %p—-1)!41 
(p—1ld=4 fe * _(P-Yi+1 wot 
p pt2 p pt2 Pp pt+2 


From (1) and (2), we know that 


(p —1)! : z : : is an intege 
: t t t is an in Tr. 
- p pt2 p pt2 8 





Now we prove that if 





1 2 1 1 
1)! 3 
en tp p+ 4 p pt2 8) 
is an integer, then p and p+ 2 must be primes. 
In fact if this conclusion is not true, then there must be three cases: 
(a) p and p+2 both are not primes; 
(b) pis a prime, p+ 2 is not a prime; 
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(c) p is not a prime, p+ 2 is a prime. 

If (a) is true, then there at least exist two pair integers a and b, c and d with p=a-b, 
p+2=c-d. Obviously, a <p,b<p,c< p+2,d<p+2. Ifp=4 and p+2 =6, then (3) is not 
an integer. So we can assume that p > 4, this time a|(p — 1)! and b|(p — 1)!, so p = ab|(p — 1)! 
(if a = b, then 2a|(p — 1)!, so we also have p|(p — 1)!). Therefore, 























—1)! 2 1)! 
(P- 1)! og cet) 
Pp pt+2 
both are integers. But 
1 
= is not integer. 
Pp 
So 
(p —1)! aan a ane : is not an integer 
af “|p p+2 p pt+2 a 
If (b) is true, then 
—1)!41 
mc a is an integer, 
Pp 
and 
eipart) is an integer 
p+2 a 
but 
is not an integer. 
pt+2 y 
So 
1 2 1 1 —1)j!+1 2 1)! 
(p—1)! ae | = (p—Di+ + Oy) is not integer. 
p pt+2) p pre Pp p+2  p+2 
If (c) is true, then 
— 1)! 
os) is an integer, 
Pp 
and 
2p+1)!+1 , . 
———__ is an integer, 
pt+2 
but 


1 
— is not an integer. 
Pp 
So 
1 2 1 1 (p—1)! 2(p+1)!41 


1 
1)! | { { a + : is not integer. 
1) {; al p p+2 p p+2 p . 





This completes the proof of Theorem 1. 
Now we prove Theorem 2. Note that the identity 

















pa ile rane! et ri 1 
p p+2 —— p p+2 p 
. ea tleaed eri. te . (SE! toa. 2 1 
7 Dp ““pt+2 "p+2 p pt+2 p p+2 
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5 is not an integer. 


If p+ 2 is a prime and p > 1 is not a prime, then in the formula 





— 1)! Yl+1 1 
(p ey ttt ii 
Pp p+2 D 


e 


1 
— is not an integer. 


If p and p+ 2 both are not primes with p > 1, then in the formula 


Ga orl to 








Dp p+2 'p. p+2’ 

: is not an intege 
= is not an integer. 
p pt2 . 

This completes the proof of Theorem 2. 
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Abstract For any positive integer n, the famous F.Smarandache function S(n) is defined 
as the smallest positive integer m such that n | m!. That is, S(n) = min{m: n|m!, ne N}. 
The main purpose of this paper is using the elementary methods to study the positive integer 


solutions of an equation involving the F.Smarandache function, and give its all solutions. 
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§1. Introduction and results 


For any positive integer n, the famous F.Smarandache function S(n) defined as the smallest 
positive integer m such that n | m!. That is, S(n) = min{m: n|ml!, n © N}. For example, 
the first few values of S(n) are S(1) = 1, S(2) = 2, $(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, 
S(7) = 7, S(8) =4, S(9) =6, $(10) = 5, S(11) = 11, $(12) =4,------ . About the elementary 
properties of S(n), many authors had studied it, and obtained some interesting results. For 
example, Lu Yaming [2] studied the solutions of an equation involving the F.Smarandache 
function S(n), and proved that for any positive integer k > 2, the equation 


S(my + m2 + +--+ my) = S(m1) + S(me2) +--+ + S(mz) 
has infinite group positive integer solutions (m1, m2,--+ , mx). 
Dr. Xu Zhefeng [3] studied the value distribution problem of S(n), and proved the following 
conclusion: 
Let P(n) denotes the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 


¥ (s(n) — Pony? = AVE" 4 o ) 


ea lIn* x 





where ¢(s) denotes the Riemann zeta-function. 


In an unpublished paper, Dr.Kenichiro Kashihara asked us to solve the congruence equation 
S3(x) — 3S(x) —1=0(mod z). (1) 
Professor Zhang Wenpeng asked us to find all positive integer solutions of the equation 


$7(¢) —58(z) +p=2, (2) 
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where p be a prime. 

About the problem (1), it is easy to find its all positive integer solutions. But for the 
problem (2), it is more complicate. The main purpose of this paper is using the elementary 
methods to study these two problems, and solved them completely. That is, we shall prove the 
following conclusions: 

Theorem 1. The congruence equation (1) has only one positive integer solution x = 1. 

Theorem 2. Let p be a fixed prime. If p = 2, then the equation (2) has no positive 
integer solution; If p = 3, then the equation (2) has only one positive integer solution x = 9; If 
p = 5, then the equation (2) has only two positive integer solutions x = 1, 5; If p = 7, then the 
equation (2) has only two positive integer solutions « = 21, 483. If p > 11, then the equation 
(2) has only one positive integer solution « = p(p — 4). 


§2. Proof of the theorems 


In this section, we shall complete the proof of our theorems directly. First we prove 
Theorem 1. It is clear that x = 1 satisfying the congruence equation (1). Now we prove that 
for any positive integer x > 1, the congruence (1) does not hold. In fact if « > 1 satisfying the 
congruence (1), let « = pi'p5?---p?* be the factorization of x into prime powers, then from 
the properties of S(x) we know that 


S(x) =max{S(pt"), S(p3?), «++, S(pf*)} = S(p*) and p | S(p*). (3) 


Note that S°(x) — 39(x) -1= ma, p | S(x), p | x, from (3) we may immediately deduce that 
p | 1, contradiction with p > 1. So the congruence equation (1) has and only has one positive 
integer solution x = 1. This proves Theorem 1. 

Now we prove Theorem 2. If p = 2, it is clear that x = 1, 2, 3, 4, 5, 6, 7 are not solutions 
of the equation (2). Let a > 8 satisfying the equation (2), S(x) = S(p%), then from p; | 2, 
p; | S(x) and $?(x) — 5S(x) +2 =x we can deduce that p; | 2. So p, = 2. Let = 2°-y and 
S(2°) = 2m (m < a), then 


4m? —10m+2 = 2%-y. (4) 


It is easy to check that a = 1, 2, 3, 4, 5 do not satisfy the equation (4). If a > 5, then 
note that m < a—1, we have x = 2%- y > 2% > 4(a— 1)? — 10(a— 1) +2 > 4m? — 10m +2. 
So if p = 2, then the equation (2) has no positive integer solution. 

If p = 3, then « = 1, 2, 3 does not satisfy the equation (2). Let x > 4 satisfying the 
equation (2), S(x) = $(p%), then from p; | x, pi | S(x) and $?(x) — 5$(x) +3 = 2, we have 
pi | 3 and p; =3. Let « = 3%-y and $(3%) = 3m, then 


9m? —15m+3=3%-y. (5) 


It is easy to check that a = 1, 3, 4, 5 do not satisfy the equation (5), and a = 2 satisfy 
the equation (5) with m = 2 and y = 1. If a > 6, then note that m < a—1, we have 
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x= 3%-y > 3% > Wa —1)? —15(a—1) +3 > 9m? —15m+3. So if p = 3, then the equation 
(2) has only one positive integer solution x = 9. 

Similarly, if p = 5, then we can prove that the equation (2) has only two positive integer 
solutions = 1 and 7 =5. 

If p= 7, then « = 1, 2 does not satisfy the equation (2). Let x > 3 satisfying the equation 
(2), S(x) = S(p%), then from p, | z, pi | S(x) and S?(x) — 5S(x) + 7 = 2, we have p; | 7 and 
pi =7. Let ¢ = 7%-y and S(7*) = 7m, then 


Vm? — 35m +7 =7%-y. (6) 


Ifa = 1, then m = 1 andy = 7-4 = 3. So a = 21 is a positive integer solution 
of the equation (2). If a = 2, then m = 2 and 4p—9 = py. So p | 9, contradiction with 
p> 7. If a = 3, then m = 3 and 63 — 14 = 77y. So y = 1. This time, x = 7° is another 
positive integer solution of the equation (2). If a > 4, then note that m < a— 1, we have 
x=7%-y > 7% > 49(a— 1)? —35(a—1)+ 7 > 49m? — 35m +7. So if p = 7, then the equation 
(2) only has two positive integer solutions 7 = 21 and x = 483. 





Ifp > 11, then # = 1, 2 does not satisfy the equation (2). Let « > 3 satisfying the equation 
(2), S(x) = S(p%), then from p, | 2, p; | S(x) and $?(x) —5S(x) + p= 2, we have p; | p and 
pi =p. Let « = p*-y and S(p*%) = pm, then 


p’m? — 5pm + p= p*-y. (7) 


If a = 1, then m = 1 and y = p—4. So x = p(p — 4) is a positive integer solution of the 
equation (2). It is clear that a = 2, 3 do not satisfy the equation (7). If a > 4, then note that 
m <a-—1, we have x = p*-y > p® > p?(a—1)? —5p(a—1) +p > p*m? —5pm+p. So if p> 11, 





then the equation (2) only has one positive integer solution « = p(p— 4). This completes the 
proof of Theorem. 
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81. Introduction 


For any positive integer n, we call an arithmetical function f(n) as the Smarandache mul- 
tiplicative function if for any positive integers m and n with (m, n) = 1, we have f(mn) = 
max{f(m), f(n)}. For example, the Smarandache function S(n) and the Smarandache LCM 


function SL(n) both are Smarandache multiplicative functions. Now we define a new Smaran- 


1 
dache multiplicative function f(n) as follows: f(1) = 1; Ifn > 1, then f(n) = sna { \ 





a;,+1 
where n = p{'ps”---pr* be the factorization of n into prime powers. The first few values of 
1 1 1 1 1 1 1 
1 — 1 2 =>—rz => 4 =S = SS = = —a = — 
Fee) are $1) = Bs 8) = Fy I) = 5 HA = 5, 10) = 5 $10) = 5 FO) = 5 FO) =F 
f(9) = 3 £10) = 5, FL) = 5, 
Generally, for any prime p and positive integer a, we have f(p*) = ——. About the 


l+a 
elementary properties of f(n), it seems that none had studied it before. This function is 


interesting, because its value only depend on the power of primes. The main purpose of this 
paper is using the elementary and the analytic methods to study the mean value properties of 
f(n), and give two sharper asymptotic formulas for it. That is, we shall prove the following: 


Theorem 1. For any real number zx > 1, we have the asymptotic formula 


Xf) = seine te-r+O(-~_), 


where c is a computable constant. 


Theorem 2. For any real number z > 1, we also have the asymptotic formula 





Se (400 i) - ae Jenne +d-Ve+0 (a3), 


n<ux 


where ¢(s) is the Riemann zeta-function, and d is a computable constant. 
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§2. Proof of the theorems 


In this section, we shall using the elementary and the analytic methods to prove our 
Theorems. First we give following two simple lemmas: 
Lemma 1. Let A denotes the set of all square-full numbers. Then we have the asymptotic 


(3) i-€(G 1 1 
ere MO 024 (a) at .0(x8), 


n<x 
neEA 


formula 





where ¢(s) is the Riemann zeta-function. 
Lemma 2. Let B denotes the set of all cubic-full numbers. Then we have 


S1=N- xt +0(a ), 


n<x 
neB 


where N is a computable constant. 

Proof. The proof of these two Lemmas can be found in reference [3]. 

Now we use these two simple Lemmas to complete the proof of our Theorems. In fact, for 
any positive integer n > 1, we can write it as n = p{'p5?---p?*, then from the definition of 
f(n), we have 


So f(r) = So fin) +> f(r) 


na n<a na 
neA neB 


where A denotes the set of all square-full numbers. That is, n > 1, and for any prime p, if p | n, 
then p? | n. B denotes the set of all positive integers with n ¢ A. Note that f(n) < 1, from 
the definition of A and Lemma 1 we have 


> fn) =0 (2). (1) 





n<ux 
neA 
1 
rim = Csm-OD } 
nx npsx pra nse 
neB (wm, p)=1 (n, p)=1 
1 
= 5 (£-S+00 
cat PP 





= >a: 5p >>: ; (2) 


ernie on 


Note that 


1 1 
S- —=Innz+c+O (2) ( see Theorem 4.12 of reference [2] ), 
nz 


psa 





ye = ee) 


re ore 
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where c and d are two computable constants. 


And the Prime Theorem ( see Theorem 3.2 of reference [3]): 


2 
lIn* x 


r= Dia p +0 7 if 


So from (2) we have 


Eso = F(mmzrero(gz))-3(e+0(2)) +0 (ge+0(are))) 


n<ux 
neB 








= srhnina a “r+0(~) 


Ina 





1 x 
= stning +r +0(——), (3) 


where A is a computable constant. 


Now combining (1) and (3) we may immediately get 





Yofm) = 1435 f+ >> fm) 
n<x n<u n<u 
neEA neB 
= 1+0 (3) + 5rming tA x4 o(~) 








= srmning FA-a4 o( = Ds 


Ing 


where A is a computable constant. 
This proves Theorem 1. 


Now we complete the proof of Theorem 2. From the definition of f(n) and the properties 


of square-full numbers, we have 


S(e-f) = $40 (29-$) +d (19-2) 


n<a nsx 


ngA 


where A also denotes the set of all square-full numbers. Let C denotes the set of all cubic-full 
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numbers. Then from the properties of square-full numbers, Lemma 1 and Lemma 2 we have 


¥(am-}) = ss (10-3) +¥ (4-3) 


n<a np? <x n<au 
neA (n, p)=1, nEA nec 
2 
1 1 
= See B01 

SY G-3) +o/d 

pr<ax nse n<a 

(n, p)=1, nEA nec 


p2<ax nor nso 
neA neA 
1 v2 ne 
1 
oo é -© 7) +0(c8) 
p?<a 
c 1 1 1 
gv > (- 2) +00 
pSVvz 





= age VE-Ining +d-vE+0(z!). 


¢ (5) 
¢(3) 


So we have the asymptotic formula 


S- (40 i) - ae -Ve-Ining +d: Ve+0 (x8). 


where c = 





, dis a computable constant. 





n<ux 


This completes the proof of Theorem 2. 
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Abstract For any fixed positive integer k > 2, the power k sieve is defined as following: 
Starting to count on the natural numbers set at any step from 1: - delete every 2*-th numbers; 
- delete, from the remaining ones, every 3*-th numbers ---, and so on: delete, from the 
remaining ones, every n*-th numbers, n = 2, 3, 4, ---. In this paper, we study the following 
two problems: 

(A) Are there an infinity of primes that belong to this sequence? 

(B) Are there an infinity of numbers of this sequence which are not prime? 

Then we using the elementary methods to study these problems, and prove that the problem 


(B) is true. 


Keywords The power k sieve, asymptotic formula, elementary method. 


81. Introduction and result 


For any fixed positive integer n > 2, the famous F.Smarandache n-ary power sieve is 
defined as following: 

Starting to count on the natural numbers set at any step from 1. 

-delete every n-th numbers, 

-delete, from the remaining ones, every n?-th numbers, ---, and so on: delete, from the 
remaining ones, every n*-th numbers, k = 1, 2, 3, ---. For example, if n = 2, then we call this 
sieve as Binary Sieve: 

1, 3, 5, 9, 11, 18, 17, 21, 25, 27, 29, 33, 35, 37, 43, 49, 51, 53, 57, 59, 65, 67, 69, 73, 75, 77, 
81, 85, 89, ---. 

Simultaneously, if n = 3, then call the sieve as Trinary Sieve: 

1, 2, 4, 5, 7, 8, 10, 11, 14, 16, 17, 19, 20, 22, 23, 25, 28, 29, 31, 32, 34, 35, 37, 38, 41, 43, 46, 
A7, 49, 50, ---. 

In reference [1] and [2], Professor F.Smarandache asked us to study the properties of the 
n-ary power sieve sequence. At the same time, he also proposed the following two conjectures: 

(a) There are an infinity of primes that belong to this sequence. 

(b) There are an infinity of numbers of this sequence which are not prime. 

About these two conjectures, Yi Yuan [3] had studied them, and proved that the conjecture 
(b) is correct. 
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In this paper, we define another sequence related the Smarandache n-ary power sieve (we 
called it as the power & sieve) as follows: 

Starting to count on the natural numbers set at any step from 1: - delete every 2*-th 
numbers; - delete, from the remaining ones, every 3*-th numbers ---, and so on: delete, from 
the remaining ones, every n*-th numbers, n = 2, 3, 4, ---. Then, two similar problems here 
can be proposed naturally when we studying the properties of this sequence: 

(A) Are there an infinity of primes that belong to the power k sieve sequence? 

(B) Are there an infinity of numbers of the power k sieve sequence which are not prime? 

In this paper, we use the elementary method to study these two problems, and obtain an 
interesting asymptotic formula. As a corollary of our result, we solved the problem (B). That 
is, we shall prove the following: 

Theorem. Let k > 2 be a fixed positive integer, A denotes the set of all power k sieve 
sequence. Then for any real x > 1, we have the asymptotic formula 


Yo 1=clk)-e+ O(a), 


n<ux 
neA 
7 1\. a 1 
where c(k) = II 1 — — } is a positive constant, and c(2) = - 
n 
n=2 


For any real number « > 1, from the Prime Number Theorem (see reference [6]) we know 
that there are at most O (—) primes in the interval [1, x], so from our Theorem we know that 
there are an infinity of numbers of the power k sieve sequence which are not prime. Therefore, 


the problem (B) is true. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our Theorem directly. Let k > 2 be a fixed 
positive integer. For any positive integer x > 1, let U;,(a) denotes the number of all remaining 














ones when delete i*-th numbers (i = 2, 3, --- , h) in the interval [1, x]. Then we have 
x x ge Q*—1 
eS = ite) =e Fa a 
or 
they= (1 _ x) tj Rita) with: (y@| <1. 
Uy(n) — ots) Zit a] Sr) 3 | is i 





2k 3K 


Generally, for any positive integer h > 2, we have 


ines (1 =) (1 : ) eo Bee). ty. (Rate = a 4S. 


ah (1 2 x) (1 = =) = (1 - sz) pa Rteh aah etek 
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Taking m = [=*], if h > m, then h* > x. So we have 


Yo 1=Unla)=9-T] (1~ pe) + Bala 


n<u 
neEA 


Note that |Rm(2)| <m<a2* and 


B(-8) 6-8) 06) 0-8) 06 


h=2 


From (1) we may immediately get the asymptotic formula 


Yo i=c-#+O(ct), 








n<u 
neA 
where c = c(k) = I 1— = is a positive constant, and 
7 7 n=2 nk P 
a 1 a1 BP. FT v1 
=] (2 =) = ie aie ae ae 


This completes the proof of Theorem. 
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Abstract For any positive integer n, the Pseudo Smarandache Squarefree function Z,,(n) 

is defined as Z,(n) = min{m : n|m",m € N}, and the function Z(n) is defined as Z(n) = 
1 

mingm:n< — m€N >. The main purpose of this paper is using the elementary 

methods to study the mean value properties of the function Z,(Z(n)), and give a sharper 

mean value formula for it. 

Keywords Pseudo-Smarandache-Squarefree function Z,,(n), function Z(n), mean value, a- 


symptotic formula. 


81. Introduction and result 


For any positive integer n, the Pseudo-Smarandache-Squarefree function Z,,(n) is defined 


as the smallest positive integer m such that n | m”. That is, 
Zw(n) = min{m:n|m",me N}. 


For example Z,(1) = 1, Zw(2) = 2, Zw(3) = 3, Z(4) = 2, Zy(5) = 5, Zy(6) = 6, 
Zuw(7) = 7, Zw(8) = 2, Zy(9) = 3, Z,(10) = 10, ---. About the elementary properties of 
Zw(n), some authors had studied it, and obtained some interesting results. For example, Felice 
Russo [1] obtained some elementary properties of Z(n) as follows: 

Property 1. The function Z,,(m) is multiplicative. That is, if GCD(m,n) = 1, then 
Zw(m-n) = Zy(m) + Zw(n). 

Property 2. Z,,(n) =n if and only if n is a squarefree number. 

The main purpose of this paper is using the elementary method to study the mean value 
properties of Z,(Z(n)), and give a sharper asymptotic formula for it, where Z(n) is defined as 


1 
Z(n) =mingm:in< wee meé€N >. That is, we shall prove the following conclusion: 


Theorem. For any real number x > 2, we have the asymptotic formula 


ea (: lee Fe 5)} A? ai +0(ct), 


n<ux 





where II denotes the product over all primes. 
Pp 
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§2. Some lemmas 


To complete the proof of the theorem, we need the following several lemmas. 


Lemma 1. For any real number x > 2, we have the asymptotic formula 


6 
XP (m) = Ge + Ova). (1) 
m<u 
Proof. See reference [2]. 
Lemma 2. For any real number x > 2, we have the asymptotic formula 
2 5 
»y, m = 2° + O(x?), 
T 
m<a 
meA 
where A denotes the set of all square-free integers. 
Proof. By the Abel’s summation formula (See Theorem 4.2 of [3]) and Lemma 1, we have 


6 “ 76 
Som? = So m2p?(m) = 2?- (e+ O(vz)) = 2 | t(—t+ Ovi) )ae 
m<a« m<au & 1 a 
meA ~ 
4 2 5 
= £3 + O(«?) _ 0 = sx + O(z?). 
1 7 T 
This proves Lemma 2. 
Lemma 3. For any real number x > 2 and s > 1 , we have the inequality 


ae ae 


meB 


3 
Specially, if s > 3 then we have the asymptotic formula 


S- Zul) a Hi pa) o(«?*), 


mca 


meB 








where B denotes the set of all square-full integers. 
Proof. First we define the arithmetical function a(m) as follows: 
1 ifmeB; 
a(m) = 
0 otherwise. 
From Property 1 and the definition of a(m) we know that the function Z,,(m) and a(m) 
are multiplicative. If s > 1, then by the Euler product formula (See Theorem 11.7 of [3]) we 


have 





Gs ei 
5 Hel ae 
m<a m=1 


meB meB 
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3 
Note that if m € B, then Z,,(m) < /m. Hence, if s > 5? then we have 














ee ee 
meB meB meB 
= x Juki) es —) 
meB 


This proves Lemma 3. 


§3. Proof of the theorem 


In this section, we shall use the elementary method to complete the proof of the theorem. 
—1 1 
Note that if sie —_ then Z(n) = m. That is, the equation 
Z(n) =m has m solutions as follows: 


_(m—1)m__, (m-1m,, m(m +1) 
9 i ’ 9 ? ? 9 
Since n < 2, from the definition of Z(n) we know that if Z(n) = m, then 1 < m < 
V8a+1—-1 


+1lens 





5 ; 
Note that Z,(n) <n, we have 


J Zu(Z(n)) = = Zulm)= Sd ms Zy(m) + O(n) 
m<V2e 


We separate all integer m in the interval [1, V2z] into three subsets A, B, and C as follows: 
A: the set of all square-free integers; B: the set of all square-full integers; C: the set of all 
positive integer m such that m € [1, V22]/AU B. 

Note that (2), we have 


S> Zw(Z(n)) = So m-Zu(m)+ S> m+ Zu(m)+ S> m- Zy(m) + O(a). (3) 


n<a m< Vie m< Vin m<V3e 
meA meB mEeC 


From Property 2 and Lemma 2 we know that if m € A, then we have 





S> m-Zy(m)= So m= Wei +0(a!). (4) 
mca ea 


It is clear that if m € B, then Z,,(m) < ./m. Hence 


So m-Zy(m)« So m? <x, (5) 


m<V2x m<V2x 
meB meB 
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If m € C, then we write m as m = q-n, where q is a square-free integer and n is a 
square-full integer. From Property 1, Property 2, Lemma 2 and Lemma 3 we have 


S > m-Zu(m) = So nZw(nja(n) S> @P1?(q) 





m< 2a n<V2e q< 
meC ana 
4/2 23 a 
= S- nana ( 7-75 40(25)) 
TT nm n2 
n<VJ/2x 
4/2 5 Zw (n)a(n) 5 Zw(n)a(n) 
= sa S- —az +0 ra y — 
niV 2a nx V2x 








J2 3 5 
ave (1 gray)” - O(e8). (6) 


Combining (3), (4), (5) and (6), we may immediately deduce the asymptotic formula 


S~ Zu(Z(n)) = (1 a Ia i = 5) ii 2h O(x'). 


n<x 


72 





This completes the proof of Theorem. 
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Abstract For any positive integer n, the famous Smarandache concatenated square sequence 
{a(n)} is defined as the positive integer a(n) = 172?3?--- (mn — 1)?n?, and the Smarandache 
back concatenated square sequence {b(n)} is defined as the positive integer b(n) = n?(n — 
1)?(n — 2)?...4°37271?. For example, the first few terms of {a(n)} are: 1, 14, 149, 14925, 
1492536, ------ . The first few terms of {b(n)} are 1, 41, 941, 16941, 2516941, ------ . In 
reference [2], Professor F.Smarandache asked us to study such a problem: How many perfect 
square number are there in the sequence {a(n)} and {b(n)}? The main purpose of this paper is 
using the elementary methods to study this problem, and prove that there is only one perfect 
square number 1 in the Smarandache back concatenated square sequence {b(n)}. This solved 


a problem proposed by Smarandache in his book [2]. 


Keywords Concatenated square sequence, back concatenated square sequence, perfect square. 


81. Introduction and results 


For any positive integer n, the famous Smarandache concatenated square sequence {a(n)} is 
defined as the positive integer a(n) = 17273?---(n—1)?n?. For example, its first few terms are: 


1, 14, 149, 14925, 1492536, ------ . And the Smarandache back concatenated square sequence 
{b(n)} is defined as the positive integer b(n) = n?(n — 1)?--- 372717. Its first few terms are 
1, 41, 941, 16941, 2516941, 362516941, ------ . In his book Sequences of Numbers Involved 


Unsolved Problems) , Professor F.Smarandache asked us to study such two problems: 


(A). How many perfect square numbers are there in the concatenated square sequence 


{1, 14, 149, 14925, --- , 122?32---(n —1)?n?,---}2 
(B). How many perfect square numbers are there in the back concatenated square sequence 
{1, 41, 941, 25941, --- , n2(n—1)2---42322711,...}? 


About these two problems, it seems that none had studied them yet, at least we have not 
seen any related papers before. The problems are interesting, because they can help us to find 
some special perfect square numbers. It is clear that the first term a(1) = 1 and b(1) = 1 are 
two perfect square numbers. Besides these two terms, whether there exists any other positive 
integer n > 2 such that a(n) or b(n) is a perfect square number? 

The main purpose of this paper is using the elementary methods to study these two prob- 
lems, and prove the following conclusion: 

Theorem. There exists only one perfect square number in the Smarandache back concate- 
nated square sequence {b(n)}, it is (1) = 1. 
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Whether there exists any other perfect square number in the Smarandache concatenated 
square sequence {a(n)} is still an open problem. 
Conjecture. For any integer n > 1, a(n) is not a perfect square. 


§2. Proof of the theorem 


In this section, we shall prove our theorem directly. In fact from the definition and prop- 
erties of the congruence we know that for any odd number m, we have 


m? = 1 (mod 8). (1) 
If there exists some positive integer n > 1 such that 


b(n) = n?(n — 1)?(n — 2)?(n — 3)? -- 4737271? 





is a perfect square number. That is, b(n) = u?. Then u must be an odd number. Therefore, 


from (1) we have 
b(n) = u? = 1 (mod 8). (2) 


On the other hand, note that 10? = 0 (mod 8), from the definition of b(n) we also have 








b(n) = n?(n—1)?(n —2)?(n — 3)?--- 4737271? 
= n*(n—1)?(n —2)?(n —3)?---4? x 103 +941 
= 941=5 (mod 8). (3) 


Thus, the congruence (2) is not possible, because it contradicts with the congruence (3). This 


completes the proof of Theorem. 
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Abstract In this paper we introduce a new subclass S*(a, 3,€,v) consisting of functions 
1 = qtn 
FZ) =Zt Di aatnz » (@qtn 2 0,¢ € IN) 
n=0 


which are analytic and q-valent in the punctured unit disc E = {z: 0 < |z| < 1} with multiple 
pole at z = 0. Some results like coefficient estimates, growth and distortion theorem, extreme 
points, convolution theorem and other interesting properties are investigated. The results 


investigated here are shown to be sharp. 


Keywords Analytic functions, Univalent and multivalent functions, Starlike functions, m- 


eromorphic functions, radius of convexity and convolution. 


81. Introduction 


Let M(q) denote the class of function of the form 
1 = 7 
fe= at So aginz*t” (agin > 0,9 € IN) (1.1) 
n=0 


which are meromorphic and g-valent in the punctured unit disc FE = {z: 0 < |z| < 1}. A 
function f(z) € M(q) is said to be q-valent meromorphic starlike of order s,0 <5 < q if 





—Re et >s (z€E) (1.2) 


and a function f(z) € M(q) is said to be q-valent meromorphic convex of order c,0 <c < q if 





-Re {1425 >e (ze 8). (1.3) 
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Now, we introduce a subclass S*(a, 3,€,7) of M(q) consisting of functions defined by (1.1) and 
also satisfying the following condition: 











ie) 
=| 
2 
=. 4 
XN 
SIS 
Rl 
Te 
kas 
Q 
Re, 


2¢ [24 


1 1 
where (i <LeeMosa<10ss<i5<é<5<7<1). 


§2. Coefficient estimate 


Theorem 1. A function f(z) € M(q) is in S*(a, G,&,-) if and only if 


[oe) 


S “2g + n+ B(2E(q+n+ a) — 7(2¢+7)) lagen < 2EB(q— a). (2.1) 


n=0 
Proof. Let (2.1) be true. We show that f € S*(a, 3, , 7) 
f'@) 
fe) 14 
2f' (2) zf' (2) 
2 [5 +o] - 7 [AG +4] 











Co 
(2q a NGginz?t” 
n=0 


2€(a — q) + Y2 Eq n+) — y(2q+n) lagen?” 


n=0 








lee} 


ys (2q+ N)Qgtn 
n=0 


2€(q— a) — > Pe(a tn+a)—(2¢4 n)lagin 





IA 





Above inequality is bounded above by ( if 


Co 


Slat n+ B2E(q+n+ a) — 7(2q+n)lagin < 2€8(q — a) 


n=0 





and thus f(z) € S*(a,@,&,y) by assuming (2.1) holds. Conversely, let f(z) € S*(a, 8,é,7¥). 
Then 








< 6. 





f(z) zf'(z) 
28 [z Fe) +a 7 Fe) +q| 
That is 
YS (2q + n)agpn274t” 


ee < p. (2.2) 
2é(a— 9g) + S) 2é(a + n+ @) — y(29g4 n)lagpn270" 


n=0 
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Notice that |Re(z)| < |z| for all z, and so 


co 
2 (24 + n)dg4n279t" 
Re “= 





a <B. (2.3) 
2&(q— a) — D7 [2qt+ n+ B2E(q+n+ a) — y(2q + N)))ag+n279t" 


n=0 


f@ 





Choosing values of z on real axis so that z is real. Upon clearing the denominator in (2.3) 


and allowing z —> 1 through real values we obtain (2.1). 
Corollary 1. If f(z) € S*(a, 8,€, 7) then 


ine 2€(q — a) 
ee 2Qqgtn+ B(2E(q+n+ a) —7(2¢+n)) 





for n € INo with equality for f(z) given by 
1 2€B(q — a) 














Z)= gi (n : 
ila teen Blot ns el—atatay | a) 
Corollary 2. If f(z) € S*(a, 8,€,y) and q = 1 then 
2€B(1 — a) 
om S Tent Aeetnta)—yarm) oN) 
with equality for f(z) given by 
fe) = 45 ee) (n€ No) (2.5) 


z 24+n+P(2E1+n+a)—7(2+n)) 


This result is studied by Khairnar and Kulkarni in [7]. 
Corollary 3. If f(z) € S*(a,3,1,1) then 


2(q — a) 








ns IN 
Ca 2qg+n+ B(n+4 2a) i" 0) 
with equality for the function given by 
1 28(q — 
f~=—+ ba) zit" (n € INo). (2.6) 


zt 2Wq+n+ B(n+ 2a) 


This result is studied by Uralegaddi and Ganigi in [9]. 
Corollary 4. If f(z) € S*(0,1,1,1), then f(z) is starlike if and only if 


CO 


Si@tn)agin <4. (2.7) 


n=0 
§3. Growth and distortion theorem 


Theorem 2. A function f(z) € M(q) is in the class S*(a, 3,£,7), then 


1 2€(q — a) 1 2€B(q — a) 


= qe < 
rq pate oe 2q+ B(q+a-— 2q7) 








r? for |zj=r. (3.1) 
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The result is sharp for the extremal function 


1 2€3(q — a) 


zt at z=r,re’™. 3.2 
24 2g + B(q + a — 297) 82) 





f= 


and 


q 2g£3(q — a) 
rtd 2q+ B(q + a— 2q7) 


— P 2g€8(q — a) 
PSE) ate 2q + B(q + a — 297) 








The result is sharp for the extremal function 
1. 2€3(q — a) 
24 * 2q+ B(q + a — 297) 


Corollary 5. The disc |z| < 1 is mapped onto a domain that contains the disc 





zt at z=r,re’™, (3.3) 


f= 








2q + B(q + a — 2q7) — 2€B(q — a) (3.4) 


wl < 
i) 2q + B(q+a — 2q7) 


by any function f € S*(a, 6,,7). 


§4. Radius of convexity and Starlikeness 


Theorem 3. If the function f(z) € M(q) is in the class S*(a, 3,€,7), then f(z) is q-valently 


convex in 








1 
2 Qq+n 
ef Piaq+nt B2E(qtn+a) — (244 wily e 
0 < |z| < Ri =inf , ne INo. 
eae { 2€B(q — a)(q-+ n)? = 
The estimate is sharp for the function 
f(z= — ache) zt” for some n. (4.1) 





24° Qq+n+ B(2E(q+n+ a) — ¥(2q +n)) 
Proof. It is sufficient to show that 


























zf"(2z) 
1+ “poy +4 
—.— | <1 for 0<|z|<R. 
T+ zf'(z) -—q 
f’(z) 
Notice that 
pg (2q+n)(q+ n)agenz79” 
1 z f'®) +4q > . 
eae - 24S 2 
fia 4 292+ Yo n(qt n)agtnz29t” 
n=0 
¥ Ge+n)(¢4+ m2? 
< n=0 


= 
2g? — D7 n(q+n)agtn|z|?4r" 


n= 


The last expression above is bounded by 1 provided 


foe) q+n 2 ae 
S- ites 1, (4.2) 


n=0 q 
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From Theorem 1, we have 














3 aenaaa erin SON ee Zi, (4.3) 
n=0 
Thus (4.2) is satisfied if 
(242) ape Zit pnr bess ne) 92042) (4.4) 
. = 2€B(q — a) 


Solving for |z| we obtain 





lel < feby tet ee ee ee ae né No. (4.5) 


2€3(q — a)(q +n)? 
Substituting |z| = Ry in (4.5) the result follows. 
Corollary 6. If f(z) € S*(a,6,€,1), then f(z) is convex in the disc 


q?[2q + n+ B(2E(q-+n +a) — (2q+n)))) 2 
2€B(q — a)(q-+ 2 \ , né No. 








0 < |e] < Ry =int{ 


The estimate is sharp for the function 
z4° 2q+n+ B(2E(q+n+a) — (2¢+n)) 
Corollary 7. If f(z) € S*(a, 8,1,1), then f(z) is convex in the disc 


zit” for some n. 











1 
2 

. gq? (2g+n+ B(2a+n)) ) 24" 

0 Rz = inf , n€ Np. 
hele it 23(q—a)(q+n)? a: 


The estimate is sharp for the function 


—i1, 28(q — a) 
I) == © Iqtn+ B2at+n) 


Corollary 8. If f(z) € 5*(0,1,1,1), then f(z) is convex in the disc 


aa 
, nElNo. 


zit” for some n. 








0 < |e] < Ra=int | 
n qt+n 


The estimate is sharp for the function 


1 
f(i2)=—+ 4 24+” for some n. 
ztoeq+n 
Theorem 4. If the function f(z) € M(q) is in the class S*(a, 3,€,7), then f(z) is q-valently 


starlike in 








q2a tnt B2E(q+n+a) - 7(2¢+n))] = 
2€8(q — a)(q +n) 
The estimate is sharp for the function given by (3.4). 
Proof. It is sufficient to show that 


0 <2] < Rs =int{ 








2 +4 
| 1 for 0S lel = Re 
f'@) _ 
iC. 


The rest of the details are fairly straight forward and are thus omitted. 
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§5. Extreme points 


1 
Theorem 5. Let fg—1(z) = 7 and 


1 aa 2€B(q = a) yatn 
2a Qq4+nt B(2E(q+n+a)— 7(2¢+n)) 





fatn(2) = , forn€ INo. 


Thenf(z) € S*(a, 3, €, 7) if and only if it can be expressed in the form f(z) = ~ Agtnfatn(2) 











not 
where \j+n > 0 and = Neon = 1. 
Prod Acune 
fle) = py Aosnfosn(2) = + > hinge atin, (5:1) 
Notice that 
ar 26B(q — a) 2g +n + B(26(q+n+ a) — (29 + n))) 
“4 Ag tnt B(26(q+n+ a) — 7(2¢ +n)) 2€B(q — a) 
oS eee ee 1, 
at 


which implies f(z) € S*(a, G,&,7). Conversely, let f(z) € S*(a, 8,€,y). Then by 
Corollary 1, 








2€B(q — a) 
mr < fi IN . 
“atm = D4 n+ BQ Gtnta)—y2qtn)) 
Setting 
2 2é(q+n4 2q4 
hen q+ nt B26(q+n+ a) — ¥(2q+7)) ligt: MING (5.2) 





2€3(q — a) 


and Ag-1 =1— S- Agtn we obtain f(z) = me Agtndg+n(z). Hence the proof. 


n=0 n=-1 


86. Closure theorems 


Theorem 6. Let 


1 = 
f= a+ Dd) Gan g2, gin = 0,9 = 1,2,+-" 48 
n=0 


e 
be in the class S*(a,3,€,y). Then the function g(z) = Ses f(z) also belongs to the class 
j=l 


£ 
S*(a,8,,y) if \ ej =1. 


j=1 
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Proof. Let 


c=) 
ea, 

XR 
= 

T 
hs 


1 << . 
Cj (2 = d, daenget 
co 6 
+ itatn ge (6.1) 


n=0 j=1 


fore) 

— : qtn 

= a Tr Eqtin z 
n=0 


a. 
Il 
nr 


S| 





R 


£ 


where €g4n = + CjAg-+n,j- 
j=l 
Notice that g(z) € S*(a, 3,&, 7) since 


Co 














2Qqgtn+ B(2E(q+n+ a) —7(2¢+n)) 
X 2€8(q— a) a 
L ee) 
O&O 2¢t nt BRE(G+n+ a) — 7(2¢+7)) . 
= 2d 2€B(q— a) ee 
l 
<iq =1 since fi(z) € $*(0,8,E,7). 


pan 


j= 


Theorem 7. Let 
1 Co 
RZ) = yt di aarnge™™, agin 2 0,7 =1,2,---,m 
n=0 


1 m 
be in the class S*(a,(,&,7). Then the function h(z) = — y f;(z) also belongs to the class 
m 
j=l 


S* (a, 2.257): 
Proof. We have 


a) = >) 





co m 
= EZ +4 S = a | yatn 
2d m qt+n,Jj 
n=0 g=l 
co m 
1 1 
= k - 
= gt s dyz* where dy = = S Ag+n,j° 
n=0 j=l 


Since f;(z) € S*(a, 8,€,7) from Theorem 1, we have 


co 


[2g +n + B(2E(q+n+ a) — 7(2¢+n))] 
py, 2€8(q — a) 





Ging <1 (6.2) 
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Now h(z) € S*(a, 3,&,) since 





s 2g +n+ B26 +n+a)~ y(2¢+))] 








= 2€8(q — a) 
yee 2a tnt B2E(qt+n+a) — 7(2¢+n))] 
7 » 2€B(q— a) teins 
1 ee (2g tnt B(2é(qtn+a)— ees . 
7 “paps 2€3(q — a) ee 
j=l n=0 
< => using (6.2) 
m — 
= 1, 


Therefore f(z) € S*(a,G,&,7). 


§7. Convolution and Inclusion Property 


1 co 
For f(z p> Qgtne” and g(2) = rapa bgtnz?t” in S*(a, 3, €, 7) the convolution 
(f * g)(z) is defined ie 
Lo 7 
(f * g)(z) _ 24 = S- Ggindgine?” (7.1) 
n=0 


Theorem 8. Let f(z) and g(z) belong to S*(a, 3,€,7) then (f * g)(z) € S*(a,n,&,y) for 


ae 2€3(q — a)(2q +n) 
~ [2qtnt B2E(q +n +a) — ¥(2¢ + n))] — 2EB(q — a)[2E(qt+n+a) —y(2¢+n)] 











Proof. f(z), (2) € S*(a, @,€,7) and so 











oe 2Qqtn+ B(2E(qtn+a)—7(2¢+n)) 

» 2€B(q — a) as ee) 
and 

2g +n + B(2E(q+n+ a) — ¥(2q+2N)) 

dX eGo a (7.3) 


We need to find a smallest number 7 such that 





3 2qg+n+ Lee y(2q + )) ee (7.4) 





n=0 


Using Cauchy Schwarz inequality, we have 


ST) Saginbaon S 1. (7.5) 
n=0 
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Thus it is enough to show that 


2qgtn+n(2é(q+n+a)—y7(2¢4+ n)) 








2&n(q — a) wikis 
n Senin 
< 2at rasan tal DET) ia Baan. 


That is 





———__ nl2qt+nt B(26(q+n+a) — y(2¢+n))] 
Spinltin = piper nat eG en La) — ad n))] 78) 


From (7.5), we have 


2€(q — a) 
Vdatnbatm < oon Belg + n+ a) — a4 n)) 0 


In view of (7.6) and (7.7) it is enough to show that 





























2€3(q — a) < 1 Ra tnt B28q + n+ a) — 7240+ n))] 
2qgtnt B(2E(q+n+a)— y2q+n)) ~ B2qt+n4+n(2é(q+n+ a) —7(2¢4+n))] 





Simplifying we get 


— 2€3(q — a)(2q +n) 
~ [2g +n+ B2E(q +n + a) — ¥(2q + n))] — 2€6(g — a) [2E(qt+ n+ a) — 7(2¢4+ n)] 





Next we state another inclusion theorem for the class S*(a, 3, €, 7). 
Theorem 9. Let f(z), g(z) € S*(a, G,&,y) then 


Lome Po 
hz) = + Doin + Ojandett 
n=0 


is in S*(a,6,€,7) where 


‘ 4€ (3? (q — a)(2q +n) 
~ [2g + n+ B(2E(q + n+ a) — ¥(2q +n)? — 46? (q — a)[26(g +n + a) — ¥(2q + n)] 











Proof. f(z), g(z) € S*(a, G,&,7) and hence 





9 ea . 





= 2€B(q— a) “oe 
2 
2g +n+ B(2E(q+n+a)—(2¢4+n)) 
< > 2€3(q — a) coe) < 1. (7.8) 


Similarly, 








= [Pata peste tn+a) ~ 7204 or 
2€3(q — a) 


2 
yo eas Ce y(2q4+ n)) 
2EB(q — q@) ben} <I. (7.9) 


n=0 





IA 
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We have to show that h(z) € S*(a,6,&,7). That is 


Co 











n+6 n _ n 
pee ala * s EN ek (7.10) 
n=0 
Adding (7.8) and (7.9), we get 
co Ln Ln 2 
3s a y(2q | (02,5, + b24,) <1. (7.11) 
n=0 


In view of (8.1) and (8.2) it is enough to show that 














2Qqgtn+ d(2é(¢q+n+ a) ed ee (2g + n)) 2 
2£0(q — a) ~ 2 2€B(q — a) , 


This simplifies to 


4€B?(q — a)(2q +n) 
2qtnt B(2E(q+nt a) —7(2q + n)]? — 4€6?(q— a)[2E(q+n+ a) — y(2¢+n)] 











027 


References 


1] L. Ahlfors, Complex Analysis, McGraw Hill Book Co., Inc., New York. 

2] M. Darus, Some subclass of analytic functions, Journal of Math. and Comp. Sci. (Math 
Ser), 16(2003), No.3, 121-126. 

3] P. L. Duren, Univalent functions, Grundlehren der Mathematischen Wissenchaften, 
259(1983), Springer, New York. 
4) A. W. Goodman, Univalent functions, Vol. I and II, Marine Publ. Company, Florida, 
1983. 
5] S. M. Khairnar and Meena More, Subclass of analytic and univalent functions in the 
unit disk, Scientia Magna, 3 (2007), No.2, 1-8. 
6] S. M. Khairnar and Meena More, Properties of a subclass of meromorphic univalent 








functions with positive coefficients, International J. of Math. Sci. and Engg. Appls., 1(2007), 
No.1, 101-113. 

7| S. R. Kulkarni and S. M. Khairnar, On a class of meromorphic functions with positive 
coefficients, Acta Ciencia Indica, XX VITI(2002), No.4, 587-598. 

8] H. Silverman, On a class of close-to-convex functions, Proc. Amer. Math. Soc., 
36(1972), No.2, 477-484. 

9] B. A. Uralegaddi and M. D. Ganigi, A certain class of meromorphically starlike functions 
with positive coefficients, Pure and Applied Mathematical Sciences, XX V1(1987), No.26, 75-81. 








Scientia Magna 
Vol. 4 (2008), No. 1, 102-108 


An holomorphic study of Smarandache 
automorphic and cross inverse property loops 


Temitdépé Gbdldéhan Jaiyéolé 


Department of Mathematics, Obafemi Awolowo University, Ile Ife, Nigeria. 
Email: jaiyeolatemitope@yahoo.com / tjayeolaQoauife.edu.ng 

Abstract By studying the holomorphic structure of automorphic inverse property quasigroups 
and loops[AIPQ and (AIPL)] and cross inverse property quasigroups and loops[CIPQ and 
(CIPL)], it is established that the holomorph of a loop is a Smarandache; AIPL, CIPL, K- 
loop, Bruck-loop or Kikkawa-loop if and only if its Smarandache automorphism group is trivial 
and the loop is itself is a Smarandache; AIPL, CIPL, K-loop, Bruck-loop or Kikkawa-loop. 
Keywords Smarandache loop, holomorph of loop, automorphic inverse property loop 


(AIPL), cross inverse property loop(CIPL), K-loop, Bruck-loop, Kikkawa-loop. 


81. Introduction 


1.1 Quasigroups and loops 
Let L be a non-empty set. Define a binary operation (-) on L: If x-y € L for all z,y € L, 
(L,-) is called a groupoid. If the system of equations 


a-x=b and y:a=b 


have unique solutions for x and y respectively, then (Z,-) is called a quasigroup. For each x € L, 


the elements x? = xJp,a* = rJy € L such that rx? = e? and ax = e&* 


are called the right, 
left inverses of x respectively. Now, if there exists a unique element e € LD called the identity 
element such that for all x ¢ L, x-e =e-x = 2, (L,-) is called a loop. To every loop (L,-) 
with automorphism group AU M(L,-), there corresponds another loop. Let the set H = (L,-) x 
AU M(L,-). If we define ‘o’ on H such that (a,x)0(,y) = (a6, xG-y) for all (a,x), (B,y) € 
H, then H(L,-) = (H,°) is a loop as shown in Bruck [7] and is called the Holomorph of (L,-). 
A loop(quasigroup) is a weak inverse property loop (quasigroup)[WIPL(WIPQ)] if and only if 
it obeys the identity 
a(yr)?=y or (ay)’x=y". 

A loop(quasigroup) is a cross inverse property loop(quasigroup)|CIPL(CIPQ)] if and only if it 
obeys the identity 


zy: x? =y or x: yt? =y or x: (yr) =y or xy +x = y. 


A loop(quasigroup) is an automorphic inverse property loop(quasigroup)|AIPL(AIPQ)] if and 


only if it obeys the identity 


(xy)? = w?y? or (ay)* = oy" 
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Consider (G,-) and (H,o) being two distinct groupoids(quasigroups, loops). Let A,B and C 
be three distinct non-equal bijective mappings, that maps G onto H. The triple a = (A, B,C) 
is called an isotopism of (G,-) onto (H,o) if and only if 


tAocyB=(a-y)CV x,y eG. 


The set SY M(G,-) = SY M(G) of all bijections in a groupoid (G,-) forms a group called 
the permutation(symmetric) group of the groupoid (G,-). If (G,-) = (H,o), then the triple 
a = (A, B,C) of bijections on (G,-) is called an autotopism of the groupoid(quasigroup, loop) 
(G,-). Such triples form a group AUT(G,-) called the autotopism group of (G,-). Furthermore, 
if A= B =C, then A is called an automorphism of the groupoid(quasigroup, loop) (G,-). Such 
bijections form a group AUM(G,-) called the automorphism group of (G,-). 

The left nucleus of Z denoted by N)(L,:) = {a € LD: aw-y=a-ayV ay € LD}. 
The right nucleus of L denoted by N,(L,:) = {ae L:y-2a = yx-aV x,y € L}. The 
middle nucleus of L denoted by N,(L,:) = {a € L: ya-x =y-axV z,y € Lh. The 
nucleus of ZL denoted by N(L,-) = N)(L,-)1N,(L,-) ON, (L,-). The centrum of L denoted by 
C(L,:) = {ae L:ax=aaV « € L}. The center of L denoted by Z(L,-) = N(L,-) NC(L,:). 

As observed by Osborn [22], a loop is a WIPL and an AIPL if and only if it is a CIPL. 
The past efforts of Artzy [2], [3], [4] and [5], Belousov and Tzurkan [6] and recent studies of 
Keedwell [17], Keedwell and Shcherbacov [18], [19]and [20] are of great significance in the study 
of WIPLs, AIPLs, CIPQs and CIPLs, their generalizations(i.e m-inverse loops and quasigroups, 
(r,s,t)-inverse quasigroups) and applications to cryptography. For more on loops and their 
properties, readers should check [8], [10], [12], [13], [27] and [24]. 

Interestingly, Adeniran [1] and Robinson [25], Oyebo and Adeniran [23], Chiboka and 
Solarin [11], Bruck [7], Bruck and Paige [9], Robinson [26], Huthnance [14] and Adeniran [1] 
have respectively studied the holomorphs of Bol loops, central loops, conjugacy closed loops, 
inverse property loops, A-loops, extra loops, weak inverse property loops, Osborn loops and 
Bruck loops. Huthnance [14] showed that if (L,-) is a loop with holomorph (H,o), (L,-) is a 
WIPL if and only if (H,o) is a WIPL. The holomorphs of an AIPL and a CIPL are yet to be 
studied. 

For the definitions of inverse property loop (IPL), Bol loop and A-loop readers can check 
earlier references on loop theory. 

Here, a K-loop is an A-loop with the AIP, a Bruck loop is a Bol loop with the AIP and a 
Kikkawa loop is an A-loop with the IP and AIP. 

1.2 Smarandache quasigroups and loops 

The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002. 
In her book [27], she defined a Smarandache loop (S-loop) as a loop with at least a subloop 
which forms a subgroup under the binary operation of the loop. In [16], the present author 
defined a Smarandache quasigroup (S-quasigroup) to be a quasigroup with at least a non-trivial 
associative subquasigroup called a Smarandache subsemigroup (S-subsemigroup). Examples of 
Smarandache quasigroups are given in Muktibodh [21]. In her book, she introduced over 75 
Smarandache concepts on loops. In her first paper [28], on the study of Smarandache notions 
in algebraic structures, she introduced Smarandache : left(right) alternative loops, Bol loops, 
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Moufang loops, and Bruck loops. But in [15], the present author introduced Smarandache : 
inverse property loops (IPL), weak inverse property loops (WIPL), G-loops, conjugacy closed 
loops (CC-loop), central loops, extra loops, A-loops, K-loops, Bruck loops, Kikkawa loops, Burn 
loops and homogeneous loops. 

A loop is called a Smarandache A-loop(SAL) if it has at least a non-trivial subloop that is 
a A-loop. 

A loop is called a Smarandache K-loop(SKL) if it has at least a non-trivial subloop that is 
a K-loop. 

A loop is called a Smarandache Bruck-loop(SBRL) if it has at least a non-trivial subloop 
that is a Bruck-loop. 

A loop is called a Smarandache Kikkawa-loop(SKWL) if it has at least a non-trivial subloop 
that is a Kikkawa-loop. 

If L is a S-groupoid with a S-subsemigroup H, then the set SSY M(L,-) = SSY M(L) of 
all bijections A in EL such that A : H — H forms a group called the Smarandache permuta- 
tion(symmetric) group of the S-groupoid. In fact, SSY M(L) < SY M(L). 

The left Smarandache nucleus of L denoted by SN)(L,-) = N)(L,:) NH. The right 
Smarandache nucleus of L denoted by SN,(L,-) = N,(L,-) NH. The middle Smarandache 
nucleus of L denoted by SN,,(L,-) = N,(L,-) AH. The Smarandache nucleus of L denoted by 
SN(L,:) = N(L,:)Q H. The Smarandache centrum of L denoted by SC(L,-) = C(L,-)0 H. 
The Smarandache center of L denoted by SZ(L,-) = Z(L,-) NH. 

Definition 1.1. Let (Z,-) and (G,o) be two distinct groupoids that are isotopic under 
a triple (U,V,W). Now, if (Z,-) and (G,o) are S-groupoids with S-subsemigroups L’ and G’ 
respectively such that A : L’ — G’, where A € {U,V,W}, then the isotopism (U,V,W) : 
(L,-) — (G,°) is called a Smarandache isotopism(S-isotopism). 

Thus, if U = V = W, then U is called a Smarandache isomorphism, hence we write 
(L,+) 5 (Go). 

But if (L,-) = (G,o), then the autotopism (U,V,W) is called a Smarandache autotopism 
(S-autotopism) and they form a group SAUT(L,-) which will be called the Smarandache au- 
totopism group of (L,-). Observe that SAUT(L,-) < AUT(L,-). Furthermore, if U =V =W, 
then U is called a Smarandache automorphism of (L,-). Such Smarandache permutations form 
a group SAUM(L,-) called the Smarandache automorphism group(SAG) of (Z,-). 

Let L be a S-quasigroup with a S-subgroup G. Now, set Hg = (G,-) x SAUM(L,-). If 
we define ’o’ on Hg such that (a,x) 0 (3,y) = (aG,2G-y) for all (a,x), (G,y) € Hs, then 
Hg(L,-) = (Hg,0°) is a quasigroup. 

If in L, s*-sa € SN(L) or sa: s? € SN(L) Vs € Gand a € SAUM(L,-), (Hg,°) is called 
a Smarandache Nuclear-holomorph of L, if s*- sa € SC(L) or sa-s? € SC(L) Vs € Ganda€ 
SAUM(L,-), (Hg,0°) is called a Smarandache Centrum-holomorph of L hence a Smarandache 
Central-holomorph if s*- sa € SZ(L) or sa-s° € SZ(L) Vs €Ganda€ SAUM(L,:). 

The aim of the present study is to investigate the holomorphic structure of Smaran- 
dache AIPLs and CIPLs(SCIPLs and SAIPLs) and use the results to draw conclusions for 
Smarandache K-loops(SKLs), Smarandache Bruck-loops(SBRLs) and Smarandache Kikkawa- 
loops (SKWLs). This is done as follows. 
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1. The holomorphic structure of AIPQs(AIPLs) and CIPQs(CIPLs) are investigated. Nec- 
essary and sufficient conditions for the holomorph of a quasigroup(loop) to be an AIPQ(AIPL) 
or CIPQ(CIPL) are established. It is shown that if the holomorph of a quasigroup(loop) is 
a AIPQ(AIPL) or CIPQ(CIPL), then the holomorph is isomorphic to the quasigroup(loop). 
Hence, the holomorph of a quasigroup(loop) is an AIPQ(AIPL) or CIPQ(CIPL) if and only if 
its automorphism group is trivial and the quasigroup(loop) is a AIPQ(AIPL) or CIPQ(CIPL). 
Furthermore, it is discovered that if the holomorph of a quasigroup(loop) is a CIPQ(CIPL), 
then the quasigroup(loop) is a flexible unipotent CIPQ(flexible CIPL of exponent 2). 

2. The holomorph of a loop is shown to be a SAIPL, SCIPL, SKL, SBRL or SKWL 
respectively if and only its SAG is trivial and the loop is a SAIPL, SCIPL, SKL, SBRL, SKWL 
respectively. 


§2. Main results 


Theorem 2.1. Let (Z,-) be a quasigroup(loop) with holomorph H(L). H(L) is an 
ATIPQ(AIPL) if and only if 


1. AUM(L) is an abelian group, 
2. (8-',a,I) € AUT(L) V a, 8 € AUM(L) and 
3. Lis a AIPQ(AIPL). 


Proof. A quasigroup(loop) is an automorphic inverse property loop(AIPL) if and only if 
it obeys the AIP identity. 

Using either of the definitions of an AIPQ(AIPL), it can be shown that H(L) is a AIPQ(AIPL) 
if and only if AUM(L) is an abelian group and (387'J,,aJp, Jp) € AUT(L) V a, 8 € AUM(L). 
L is isomorphic to a subquasigroup(subloop) of H(L), so L is a AIPQ(AIPL) which implies 
(Jp, Jp, Jp) € AUT(L). So, (87',a, I) € AUT(L) V a, 8 € AUM(L). 

Corollary 2.1. Let (L,-) be a quasigroup(loop) with holomorph H(L). H(L) isa CIPQ(CIPL) 
if and only if 


1. AUM(L) is an abelian group, 
2. (8-1,a,I) € AUT(L) V a, 8 € AUM(L) and 
3. L is a CIPQ(CIPL). 


Proof. A quasigroup(loop) is a CIPQ(CIPL) if and only if it is a WIPQ(WIPL) and an 
AIPQ(AIPL). L is a WIPQ(WIPL) if and only if H(L) is a WIPQ(WIPL). 

If H(L) is a CIPQ(CIPL), then H(L) is both a WIPQ(WIPL) and a AIPQ(AIPL) which 
implies 1., 2., and 3. of Theorem 2.1. Hence, L is a CIPQ(CIPL). The converse follows by just 
doing the reverse. 

Corollary 2.2. Let (Z,-) be a quasigroup(loop) with holomorph H(L). If H(ZL) is an 
AIPQ(AIPL) or CIPQ(CIPL), then H(L) ~ L. 
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Proof. By 2. of Theorem 2.1, (8-1, a, I) € AUT(L) V a, 8 € AUM(L) implies r8-!-ya = 
x+y which means a = § = I by substituting « = e and y=e. Thus, AUM(L) = {I} and so 
H(L)& L. 

Theorem 2.2. The holomorph of a quasigroup(loop) L is a AIPQ(AIPL) or CIPQ(CIPL) 
if and only if AUM(L) = {I} and L is a AIPQ(AIPL) or CIPQ(CIPL). 

Proof. This is established using Theorem 2.1, Corollary 2.1 and Corollary 2.2. 

Theorem 2.3. Let (L,-) be a quasigroup(loop) with holomorph H(L). H(L) is a CIPQ(CIPL) 
if and only if AUM(L) is an abelian group and any of the following is true for all z,y € LZ and 
a, 3 € AUM(L). 


1. (xB + y)x? = ya. 

2. e8- yx? = ya. 

3. (2a7lBa-ya)- x= y. 
4, xa7!Ba- (ya: x) = y. 


Proof. This is achieved by simply using the four equivalent identities that define a CIPQ(CIPL): 
Corollary 2.3. Let (Z,-) be a quasigroups(loop) with holomorph H(L). If H(L) is a 
CIPQ(CIPL) then, the following are equivalent to each other 


1. (8-1 J,, aJp, Jp) € AUT(L) V a, 8 € AUM(L). 
2. (8-1), aJy, Jy) € AUT(L) V a, 8 € AUM(L). 
3. (cB-y)a? = ya. 

4. 23+ yx? = ya. 

5. (@a7!Ba-ya)- x= y. 

6. 2a7!Ba- (ya: x) = y. 


Hence, (3, a,1), (a, 6,1), (3,1, a), (I,a, 8) € AUT(L) Va, 6 ¢ AUM(L). 

Proof. The equivalence of the six conditions follows from Theorem 2.3 and the proof of 
Theorem 2.1. The last part is simple. 

Corollary 2.4. Let (Z,-) be a quasigroup(loop) with holomorph H(L). If H(L) is a 
CIPQ(CIPL) then, L is a flexible unipotent CIPQ(flexible CIPL of exponent 2). 

Proof. It is observed that J, = J, = I. Hence, the conclusion follows. 

Remark. The holomorphic structure of loops such as extra loop, Bol-loop, C-loop, CC- 
loop and A-loop have been found to be characterized by some special types of automorphisms 


such as 
1. Nuclear automorphism(in the case of Bol-,CC- and extra loops), 


2. central automorphism(in the case of central and A-loops). 
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By Theorem 2.1 and Corollary 2.1, the holomorphic structure of AIPLs and CIPLs is charac- 
terized by commutative automorphisms. 

Theorem 2.4. The holomorph H(L) ofa quasigroup(loop) L is a Smarandache AIPQ(AIPL) 
or CIPQ(CIPL) if and only if SAUM(L) = {I} and L is a Smarandache AIPQ(AIPL) or 
CIPQ(CIPL). 

Proof. Let L be a quasigroup with holomorph H(L). If H(L) is a SAIPQ(SCIPQ), then 
there exists a S-subquasigroup Hs(L) C H(L) such that Hgs(L) is a AIPQ(CIPQ). Let Hs(L) = 
G x SAUM(L) where G is the S-subquasigroup of L. From Theorem 2.2, it can be seen that 
Hg(L) is a AIPQ(CIPQ) if and only if SAUM(L) = {I} and G is a AIPQ(CIPQ). So the 
conclusion follows. 

Corollary 2.5. The holomorph H(L) of a loop L is a SKL or SBRL or SKWL if and only 
if SAU M(L) = {I} and L is a SKL or SBRL or SKWL. 

Proof. Let L be a loop with holomorph H(L). Consider the subloop Hgs(L) of H(L) such 
that Hs(L) = G x SAUM(L) where G is the subloop of L. 


1. Recall that by [Theorem 5.3, [9]], Hs(Z) is an A-loop if and only if it is a Smarandache 
Central-holomorph of L and G' is an A-loop. Combing this fact with Theorem 2.4, it can be 
concluded that: the holomorph H(L) of a loop L is a SKL if and only if SAUM(L) = {I} 
and L is a SKL. 


2. Recall that by [25] and [1], Hs(L) is a Bol loop if and only if it is a Smarandache Nuclear- 
holomorph of L and G is a Bol-loop. Combing this fact with Theorem 2.4, it can be 
concluded that: the holomorph H(L) of a loop L is a SBRL if and only if SAU M(L) = {I} 
and L is a SBRL. 


3. Following the first reason in 1., and using Theorem 2.4, it can be concluded that: the 
holomorph H(L) of a loop L is aSKWL if and only if SAU M(L) = {I} and Lisa SKWL. 
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Abstract For any positive integer n, let ¢(n) be Euler’s ¢ function and Q(n) denote the 
total number of prime factors of n. The main purpose of this paper is using the elementary 
methods to study the solutions of the equation ¢(4(n)) = 2°, and give all odd positive 


integer solutions for it. 


Keywords Euler’s ¢ function, equation, solution. 


§1. Introduction and main result 


For any positive integer n, let n = p{'p5$?---py* denote the factorization of n into prime 


powers. Then the arithmetic function Q(n) is defined as 


And the famous Euler’s ¢ function is defied as the number of integers less than n that are 
relatively prime to n. It is known to all that the equation ¢(a) = n is of great importance in the 
study of number theory. Many scholars had studied numerous properties of this equation, and 
made great progress about it. For example, let b,, = card{¢(n) = m}, where m is any positive 
integer, P-Erdés [1] found that there exists 6 > 0 such that b,, > m° for infinitely many m. And 
K. Woolridge [2] proved that the inequality holds for infinitely many m if 0 < 6 < 3—2y2. 
These results are in connection with Carmichael’s conjecture [3], which states that for every n 
it is possible to find an m 4 n such that ¢(m) = ¢(n)! Moreover, C. Pomerance [4] obtained 
the result that 
bm <m-exp(—(1 + 0(1)) nm-InIninm/InInm). 


Let S;,(n) denotes the number of all solutions of (x) = n!, where x has exactly k prime 
factors which appear to the first power, H.Gupta [5] claimed that for every n, we have 


Si(n!) > 1, 
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and 
Si(n!) + co (n= ov). 
And P.Erdés [6] proved that for any integer & and sufficiently larger n, we have 


cn* 


Si,(n!) > 





log” n’ 
where c > 0 is a constant number. 
In this paper, we shall use the elementary method to study the solutions of the equation 
$(6(n)) = 2°, and give all odd solutions for it. That is, we shall prove the following: 
Theorem. Let n be any odd number, then the equation $(¢(n)) = 2°” has only 6 odd 


positive integer solutions, namely, 
n = 1,5,7,15, 21,45. 


Remark. Let n be any even number, then there are infinitely many solutions for the 
equation $(¢(n)) = 22(). This can be see from the fact that for any positive integer m, we 
have a(¢(2 x 35)) = 200"%35) — grmt2, 


§2. Proof of Theorem 


In this section, we shall complete the proof of our Theorem. 
It is clear that n = 1 is a solution of the equation $(¢(n)) = 22™. If n > 1, let any odd 
number n = p{'ps?---pz* denote the factorization of n into prime powers, where 3 < pi < 


po <+++< px. Then from the definitions of ¢(n) and Q(n), we have 
O(n) = ptt "(pr — 1)p3?- "(pa — 1) ++ PEE" (De — 1), 


and 
g9Q(n) = gartagte Fon 


a; > 3(1 <j <k), we may have p,? | (n), and p; | 6(¢(n)), then p; | 22(") which contradicts 
to the parity of p,! 


Firstly, we shall come to prove that all a; < 2, 7 = 1,2,3---k. In fact, if there exists some 


Now we shall discuss the problem in the following three cases: 

Case 1. If k = 1, then n = p*, (a = 1,2) 

(1) If a = 1, then ¢(¢(n)) = (p — 1) and 2°) = 2, so the equation has two solutions: 
n=5,7. 

(2) If a = 2, then ¢(¢(n)) = (p(p — 1)) and 2%") — 4. It is clear that there is no prime 
p > 3 satisfies the equation 4(@(p2)) = 22”). 

Case 2. If k = 2, then n = pf p5?, (a; = 1,2). 

(1) If ay = ag = 1, then (¢(n)) = O((p1 — 1)(pe — 1)) and 2°) = 2? = 4. So we have 
p, =3 and pp = 5,7. Therefore, the equation has two solutions: n = 15, 21. 

(2) If a = 2, a2 = 1, then 4(4(n)) = d(pi(pi — 1)(p2 — 1) and 2%iP2) = 23 = 8. We 
have p; = 3 and pp = 5. So the equation has only one solution: n = 45. 
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(3) If ay = 1, a2 = 2, then we have 


#(0(0)) = (paler ~ )(P2 ~1)) = 6 (22m (M+) (B+). 





and 
gUpip2) — 93 — 8 


Noting that 
p21 
i ay | 
9 — ? 


em (25") (Be) > 


This shows that the equation has no solution. 
(4) If ay = 2, a2 = 2, then we have 


so we have 








A(o(n)) = olpspalrr — 1)(r2— 1) = 6 (2pm (A+) (A+), 
a grips) — 94. 


Noting that 


—1 
o(P:)>2,  o(m)>4, and Fo >2, 


g (2°. (A>) (2) > 2. 


So in this case, the equation has no solution. 
Case 3. If k > 2, then n = py" po? --- py*, (a; = 1,2) 


then we have 














(1) If ay = ag =--- = ay = 1, then we have 
_ e{Pi-1)\(po-1\  fpe-l 
(om) = 0 (2 (A+) (2). (A), 
and 
ON 


Noting that 
Pa~liy BST 5) 
2 0 2S = 


we may have ¢(n) > 2*. So the equation has no solution. 








(2) If there exists some a,(1 < 7 < k) satisfies a; = 2, we can assume that 
N= 103 °° Om X Gm4i' de, (1S m<k), 


where q;(i = 1,2--- ,&) are all primes. Then we have 


(OC) = 6 (2aree---am (B5*) (BS) (AE)), 
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and 
g2(n) — gmt+k ; 





;-1 
We can deduce that for any 1 < i,7 < k, we have is # q;! Otherwise, we may have 


2 
qs | 2**™. Noting the fact that 


qe —1 
=e SD 
9 —_— ? 


we may have 


H(p(n)) > 2k. 


This shows the equation has no solution. 
Combining all the above cases, we may immediately get all solutions of the equation 
o(o(n)) = 2°, namely, 
n = 1,5,7,15, 21,45. 


This completes the proof of Theorem. 
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Abstract For any positive integer n, we define the Smarandache multiplicative function U(n) 
as follows: V(1) = 1. If nm > 1 and n = pf''p$?---p¢s denotes the factorization of n into 
prime powers, then U(n) = max{ai- pi, 2: p2, -*:, Qs - Ps}. The main purpose of this 
paper is using the elementary and analytic methods to study the parity of U(n), and give an 


interesting asymptotic formula for it. 


Keywords Smarandache multiplicative function, parity, asymptotic formula. 


81. Introduction and results 


For any positive integer n, the famous Smarandache multiplicative function U(n) is defined 
as U(1) =1. Ifnm > 1 and n = p{'ps? --- p%s denotes the factorization of n into prime powers, 
then 


U(n) = max{a) - pi, 02+ p2, +++, As* Ps}. 


For example, the first few value of U(n) are: U(1) = 1, U(2) = 2, U(3) = 3, U(4) = 4, U(5) = 5, 
U(6) = 3, U(7) = 7, U(8) = 6, U(9) = 6, U(10) = 5, U(11) = 11, U(12) = 4, U3) = 13, 
U(14) = 7, U(15) = 5, ---. About the arithmetical properties of U(n), some authors had 
studied it, and obtained some interesting results, see references [3] and [4]. For example, Xu 
Zhefeng [3] proved that for any real number x > 1, we have the asymptotic formula 


3 (Uin) — P(n))? = 2D 6 (= 


3ilna In? x 
n<ux 


where ¢(s) is the Riemann zeta-function, and P(n) denotes the largest prime divisor of n. 
In an unpublished paper, Pan Xiaowei proved that the equation 


> U(d)=n 
d\n 


has only two positive integer solutions n = 1 and 28, where S denotes the summation over all 
d|n 
positive divisors of n. 
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Now we let OU(n) denotes the number of all integers 1 < k < n such that U(n) is odd. 
EU(n) denotes the number of all integers 1 < k < n such that U(n) is even. An interesting 
problem is to determine the limit: 

. EU(n) 
] 
i303 OOH) 





(1) 


About this problem, it seems that none had studied it yet, at least we have not seen such a 
paper before. The problem is interesting, because it can help us to know more information 
about the parity of U(n). 

The main purpose of this paper is using the elementary and analytic methods to study this 


U(n) 


Out) That is, we shall prove the 





problem, and give an interesting asymptotic formula for 


following conclusion: 


Theorem. For any positive integer n > 1, we have the asymptotic formula 


ov = (=) , 





From this Theorem we may immediately deduce the following: 


Corollary. For any positive integer n, we have the limit 


fees EU(n) 


n—oo OU(n) 





§2. Proof of the theorem 


In this section, we shall prove our Theorem directly. First we estimate the upper bound of 
EU(n). In fact for any integer k > 1, let k = p{*p$?---p® denotes the factorization of k into 
prime powers, then from the definition and properties of U(k) we have U(k) = U (p?') = aj- pi. 
If a; = 1, then U(k) = p; be an odd number, except & = 2. Let M = Inn, then we have 


BU(n)= So 1<1t+ S- i<i+ YO 1+ NOL (2) 
U(k) 


k<n k<n <M kp*<n 
2|U(k) U(k)=a;ipi, ai>2 ap>M, a>2 


Now we estimate the each term in (2) respectively. We have 


So is Moi+ SM is YW Vite | 1 





kpe<n kp?<n kp<n Mcp<yn k<y pe<n  k< oe 
ap>M, a>2 2p>M ap>M, a>3 ap>M, a>3 
mr mr nm nr nm 
< ) Pe + > p* < lan. + ) pe + ) pe 
Mep<vn pe<n pen pin 
ap>M, a>3 ap>M, a>p ap>M, 3<a<p 
«<f+bog+ b> 3 
T T ape 
Inn pe pm 
pivn pivn 
a>VM p>VM, a>3 
nr n n n 





< (3) 


> inn ova Inn 
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In order to estimate another term in (2), we must use a new method. For any prime p < M, let 


a(p) = [at ; where [z] denotes the largest integer less than or equal to x. Let m= II pr), 
pSM 
It is clear that for any positive integer k with U(k) < M, we have k|m. And for any positive 


divisor k of m, we also have U(k) < M. So from these properties we have 


deut © Et= Teroon= 10+ (FI) 
= exp d+ [F]) . (4) 


where exp(y) = e¥. 
From the Prime Theorem (see reference [5], Theorem 3.10) 


M M 
M)= >) 1=—y o(=7) 


pSM 





and 


M 
S- Inp= u+o(7) 


p<M 


Do ah Cae, 
= zee 


we have 





p<M 
< 7(M)-n(2QM) -»S- Inp 
p<M 
M -In(2M) M M 
= “TM -u+0(45 z) = 0 (47): (5) 


Note that M = Inn, from (4) and (5) we may get the estimate: 


Inn 
» 1 <exp (5), AG) 


U(k)SM 





where c is a positive constant. 


elnn 
InInn 


It is clear that exp (<2“) « ;4, so combining (2), (3) and (6) we may immediately 


ee ee 
2|U(k) 


deduce the estimate: 


Note that OU(n)+ EU(n) = n, from the above estimate we can deduce the asymptotic formula: 
OU(n) =n — EU(n )=n+0( =). 


Therefore, 





BU(n) Olga) ait 
OU(n) n+O(;*) Inn) - 
This completes the proof of Theorem. 
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Abstract For any positive integer n, the famous Euler function ¢(n) is defined as the number 
of all integers m with 1 < m < n such that (m,n) = 1. In his book “Only problems, not 
solutions” (see unsolved problem 52), Professor F.Smarandache asked us to find the smallest 
positive integer k = k(n), such that x(n) = 1, where ¢i(n) = o(n), d2(n) = $(¢1(n)), 

--, and x(n) = ¢(¢x-1(n)). In this paper, we using the elementary method to study this 
problem, and prove that for any positive integer n, k(n) = min{m: 2” >n, m€ N}, where 


N denotes the set of all positive integers. 


Keywords The Smarandache problem, Euler function, elementary method. 


§1. Introduction and Results 


For any positive integer n, the famous Euler function ¢(n) is defined as the number of 
all integers m with 1 < m < n such that (m,n) = 1. In his book “Only problems, not 
solutions” (see unsolved problem 52), Professor F.Smarandache asked us to find the smallest 
positive integer k = k(n), such that ¢,(n) = 1, where ¢1(n) = O(n), d2(n) = (d1(n)), 

--, and x(n) = o(¢x-1(n)). That is, k(n) is the smallest number of iteration & such that 
x(n) = O(¢x—1(n)) = 1. About this problem, it seems that none had studied it yet, at least 
we have not seen any related papers before. The problem is interesting, because it can help 
us to know more properties of the Euler function. It is clear that ¢(n) <n, ifn > 1. So 
gi(n), b2(n), o3(n), --+ , d¢(n) is a monotone decreasing sequence. Therefore, for any integer 
n > 1, there must exist a positive integer k = k(n) such that ¢,(n) = 1. In this paper, we using 
the elementary method to study this problem, and find an exact function & = k(n) such that 
for any integer n > 1, ¢,(n) = 1. That is, we shall prove the following conclusion: 

Theorem. For any positive integer n > 1, we define k = k(n) = min{m: 2% >n, me 
N}, where N denotes the set of all positive integers. Then we have the identity 


bx(n) = b(bx—-1(M)) = Gps (P(m)) = 1, 


where ¢(n) is the Euler function. 
Corollary. For any positive integer n > 1, Let k = k(n) be the smallest positive integer 
such that ¢,(n) = 1. Then we have 


k=k(n)=min{m: 27 >n, me N}. 
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§2. Proof of the theorem 


In this section, we shall complete the proof of our theorem directly. For any integer n > 1, 
let n = p}* ps? --- per be the factorization of n into prime powers. Then from the properties of 
the Euler function ¢(n) we have 


b(n) = pi" (pr — 1)p$?*(p2 — 1) ++ p27" (pp — 1). 


From this formula we know that if n be an even number, then ¢(n) < }. If n > 1 be an odd 
number, then ¢(n) < n—1, and ¢(1) = 1. So for any integer n > 3 and k = k(n) = min{m: 
2” >n, m € N}, from the definition of k = k(n) we have ¢)(n) = ¢(n) < n—1, d2(n) = 
o(é(m)) <= 0) < Spe , bn(n) < Adp-a(n) <-++ < Bob = AOD < 2 (1-2). Since 
x(n) is a positive integer and 1 < ¢%(n) <2 (1— +) < 2, so we must have ¢,(n) = 1. 





For any positive integer n, Let u = u(n) be the smallest positive integer such that ¢,(n) = 
1. From the above we know that ¢,(n) = 1, so u(n) < k(n). On the other hand, let n = 2”, 
where m > 1 be an integer. Then 6(n) = 2""~!, do(n) = 2-2, +--+ Gm al) = 2, a) = 1. 
So u(n) = m = k(n). Let n = 2” +1 be a prime, then ¢(n) = p— 1 = 2”, d»(n) = 2 and 
dm+i(n) = 1. So u(n) = m-+1. This time, we also have k = k(n) = min{s: 2°>2"+1, se 
N} =m-+1. That is to say, there are infinite positive integers n > 1 such that u(n) = k(n). 
Therefore, for any integer n > 1, k = k(n) = min{m: 2™ > n, m © N} be the smallest 
positive integer such that ¢,(n) = 1. This completes the proof of our Theorem. 


§3. Several similar problems 


Now we consider the Dirichlet divisor function d(n), the number of all positive divisors of 
n. For any integer n > 3, it is clear that d(n) <n. Let di(n) = d(n), do(n) = d(d(n)), --+--- ; 
di(n) = d(dg_i(n)). So {di(n), do(n), ---+-: , dy(n), --+} is also a monotone decreasing 
sequence. For any positive n > 1, let k = k(n) be the smallest positive integer such that 
dj,(n) = 2. Whether there exists a simple arithmetical function k = k(n) such that d,(n) = 2 
for all n > 3. This is an open problem. 

For any positive integer n > 1, let n = pf''ps?---p@" be the factorization of n into prime 
powers. We define function Q(n) = ay +ag+---+a, and Q(1) = 0. Similarly, find the smallest 
positive integer k = k(n) such that Q;(n) = 0, where Qy(n) = Q(n), Og (nr) = D1 (OQ¢-1(n)). 

Here we can also give a simple arithmetical function for k(n). Let uy = 1, wg = 2, ---, 
Unqi = 2"*. It is clear that {u,} be a strictly monotone increasing sequence. Now we define 
k= k(n) = min{m: um > n, m € N}, where N denotes the set of all positive integers. It 
is easy to prove that Q;,(n) = 0. On the other hand, for any positive integer m > 1, we have 
OQ(Um) = Um—1, and Qy (Um) = 0. Therefore, for any integer n > 1,k = k(n) = min{fm: um > 
n, m € N} be the smallest positive integer such that 0;(n) = 0. 

Whether there exists another more simple function k(n) such that Q;,(m) = 0 is an unsolved 
problem. 

Let n > 1 be an integer, and o(n) be the sum of all positive divisors of n. It is clear that 
a(n) > n for any n > 1. Soifn > 1, then {o1(n), o2(n),---, o%(n),--+ } must be a strictly 
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monotone increasing sequence, where oi(n) = a(n), and o;(n) = o (ox-1(n)). Now let N be 
any fixed positive integer. For any integer n > 2, find the smallest positive integer k = k(N) 
such that o;(n) > N. 
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Abstract For any positive integer n, the Smarandache reciprocal function S.(n) is defined 
as the largest positive integer m such that y | n! for all integers 1 < y <_m, andm+1y7 nl. 
The main purpose of this paper is using the elementary and analytic methods to study the 
mean value distribution properties of S.(n), and give two interesting mean value formulas for 
it. 
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81. Introduction and result 


For any positive integer n, the famous Smarandache function $n) is defined as the smallest 
positive integer m such that n | m!. That is, S(n) = min{m: n|m!, n © N}. And the 
Smarandache reciprocal function S,(n) is defined as the largest positive integer m such that 
y | n! for all integers 1 < y < m, and m+1fn!. That is, S.(n) =max{m: y | n! for all 1 < 
y<m, and m+1 nl}. The first few values of S.(n) are: 


S-(1) =1, S-(2) =2, S-(3) = 3, $.(4) =4, S.(5) =6, S.(6) =6, 

S.(7) = 10, S.(8) = 10, S.(9) = 10, S.(10) = 10, S.(11) = 12, S.(12) = 12, 

S.(13) = 16, S.(14) = 16, S5(15) = 16, $.(16) = 16, $.(17) = 18, ------ : 
About the properties of S(n), many authors had studied it, and obtained a series results, see 
references [1], [2], [3], [4], [5] and [15]. For example, Jozsef Sandor [4] proved that for any 
positive integer k > 2, there exist infinite group positive integers (m1, m2, --: , Mx) satisfied 


the following inequality: 
S(m, + m2 +---+mpg) > S(mi1) + S(me) +--+ + S(me). 
Also, there exist infinite group positive integers (m1, mz2,--- ,m,) such that 
S(m, + me +---+mpg) < S(mi) + S(me) +--+ + S(me). 


On the other hand, in reference [6], A.Murthy studied the elementary properties of S.(n), 
and proved the following conclusion: 
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If S.(n) = 2 and n #3, then «+ 1 is the smallest prime greater than n. 

The main purpose of this paper is using the elementary and analytic methods to study the 
mean value properties of the Smarandache reciprocal function 5,(n), and give two interesting 
mean value formulas it. That is, we shall prove the following conclusions: 


Theorem 1. For any real number x > 1, we have the asymptotic formula 
1 4 19 
S > Se(n) = a +0 (aH). 
n<ux 


Theorem 2. For any real number x > 1, we have the low bound estimate 





1 1 5 
= by (S-(n) n) >=-n’?2+O («4 -In? x) : 
x 3 
n<ux 
From Theorem 2 we may immediately deduce the following: 
Corollary. The limit 


does not exist. 


§2. Proof of the theorems 


In this section, we shall prove our theorems directly. First we prove Theorem 1. For any 
real number z > 1, let 2= p, < po <---+:: < pr < x denote all primes less than or equal to z. 
Then from the result of A.Murthy [6] we have the identity 


k-1 
S- S-(n) = S.(1) ay. S.(2) + S.(3) + S.(4) + S- S- S.(n) =r S- S.(n) 


n<u 1=3 pi<n<pisti kn 





k-1 
= 1424+34+4+5S°> SO (pin -1)+ SO (peg -1) 


i=3 pi<n<pi+i PeSnca 


> 


Ss (pei — i) (Wie — 1) + Oe — py) ea — 1) 


© 
Il 


1 
k-1 


> 


-1 


[(pin1 — pi)? + iu — Bi] (pit1 — pi) + O ((@ — pe) + Peo) 
1 





lI 
N[ Fr 
ig 


pe 


4 


(pi41 — pi)? 4 = PR pk + O((x — pr): Pe4i)- (1) 





N| rR 
© 
Il 
an 


For any real number x large enough, from M.N.Huxley [7] we know that there at least exists a 
prime in the interval [z, x + 2%] . So we have the estimate 


(x px) + Pei =O (a). (2) 
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On the other hand, from the D.R.Heath-Brown’s famous result [8], [9] and [10] we know that 


for any real number ¢€ > 0, we have the estimate 


> 


£4 
23 
(pit1 — Di)? K at’, (3) 


i=l 


Note that py = «+O (2*), from (1), (2) and (3) we may immediately get the asymptotic 


-le+ O(a ae, aE ag EO zi 
2 


formula 


ND] Fr 


S- S-(n) —_ 


n<ux 


This proves Theorem 1. 
Now we prove Theorem 2. For any real number x > 1, from the definition and properties 
of S.(n) we also have the identity 





k-1 k-1 
7 (S-(n)—n)? > (Se(n) — n)? = ee ee 
Vx i=1 pi<n<pi4i i=3 OSn<pi4i-Pi 
k-1 
= Ds [(Pisa — ps)? — 2(n+ 1) - (Bia — Bi) + (n+ 1)9| 
i=3 O0Sn<piti—pi 
k—-1 
= [(ins — pi) — (pina — pi)? * (pin — pi + DI + 


k-1 
1 
+ E (ped — Deh ]) > Wasa — Be) > (20 — 20+ i) 








i1=3 6 
k-1 k-1 k-1 
1 1 1 
= 3 (Dita — Pi) 75 = (Di+1 — pi)” Te (pi+1 — Pi) 
3 ¢ 2 ¢ 6 
1=3 1=3 1=3 
k-1 k-1 
1 1 1 
~ 3 aa Pi)» — % S- (Di+1 — pi)? ae (Dk — ps) - (4) 
i=3 i=3 


From the Cauchy inequality and the Prime Theorem (see references [11], [12], [13] and [14]) we 


may get 
2 1 1 
k-1 k-1 \ 3 /k-1 3 , [ke 3 
3 S. 
Pe—-P3= >, (Pit1— Pi) < ( : ( (pi+1 — Pi) ) =o a ie -t (Se Pita — n') ; 
i=3 i=3 i=3 i=3 
That is, 





(x+0(« #))° =(p—ps)*< (5 +0(=. 


or 


(Opis — pi) >a-ln?2+O (2% -In? x) : (5) 


© 
II 
ion) 
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Combining (4) and (5) we may immediately deduce the low bound estimate 
1 
S- (S.(n) — n)? > 3 -¢-In?2+O (o# “In? 2) d 


This completes the proof of Theorem 2. 
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Abstract By using the combinatorial method, some convolution formulae involving the gen- 
eralized Fibonacci polynomials and the generalized Lucas polynomials have been given in this 
paper. 
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81. Introduction 
As usual, the generalized Fibonacci polynomials U(a#) = U,(a) and the generalized Lucas 
polynomials V(a) = V,,(a) are defined by 
Un(2)=2—%, Vala) =a" +6", (1 
a—p 


PS ONE) EA) og 0) Ne) 








where a = 5 , p(x) and q(x) are polynomials 
of x with p(x)q(x) 4 0 and p?(x) — 4q(x) > 0. It is obvious that the sequences {U;,(x)} and 


{V,,(x)} satisfy the linear recurrence relation 
W,, (x) _ p(z)Wr_1(2) = q(x)Wr—2(2), n> 2. 


For p(x) = x,q(x) = —1, {Un(x)} and {V,,(x)} are the classical Fibonacci polynomials 
{F,,(x)} and the Lucas polynomials {L,,(a)}, respectively. If « = 1, then the sequences F'(1) 
and L(1) are called the Fibonacci sequence and the Lucas sequence respectively, and we shall 
denote them by F' = {F,,} and L = {L,,}. These sequences play very important roles in the 
studied of the theory and application of mathematics. W.P. Zhang [1] obtained some identities 
involving the Fibonacci numbers. As a generalization of [1], Yi Yuan and Zhang Wenpeng [2] 
found some new convolution properties for F(z), that is, they obtained some identities involving 


the Fibonacci polynomials: 


S- Fo, 41(2) » Page (8) oc Fygti( 2) 
a,+aq+--+a,=n 
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[3] 
_ n+k—1—-2£ nt+k—1—22 n—2e 

= ( e het k-1 )- , (2) 
e=0 

where the summation :> is over all k-dimension nonnegative integer coordinates 

a,+aq+--+a,=n 
: eas m m! 
(a1, G2, ..., @) such that ay +a2+---+a, =n, k is any positive integer, =, 
n ni(m—n)! 


and |z] denotes the greatest integer not exceeding z. As a corollary of (2), they obtained some 


exact calculating formulae for 


Brice Fg 8 nes (3) 
ay+ag+:-+a,=n+k 
where m are some special positive integers. 

But, now we find there exist some problems in [2]. First, if we want use the property (2) 
to calculate expression (3), we must take the spacial value of x to find the relationship between 
F,,(x) and Finn, but in fact, we could not find there have any rules for taking the value of « in 
the calculation summation (3) for general cases. Second, the authors [2] deduced that 


CS) Co") | = NE Fin (4) 
2 2 3 


(141 





Ff 





But we find the expression (4) was not true for any fixed positive integer n, that is, the 


Cy aaa ce) 


(-1)" 


expression (4) should be 


(1) 
3 








then the expression (5) will be equal to - Fb, just for even positive integer n. Hence, 
the corollary 2 and the corollary 4 in [2] are incorrect. In fact, for any fixed positive integer m, 
from (2) we could not give an exact calculating formula for (3). 

According to two points above, we think it is not so good by using the method of [2] to 
calculate the (3) for general cases. In this paper, we use the combinatorial method to improve 
[2] to generalized cases, and solve the calculating problems of (3) for general cases with different 


method. 


§2. The main results 


Two of our main results are contained in Theorem 1 and Theorem 2 below. 
Theorem 1. Let U(x) = {Un(x)} and V(x) = {V,(x)} be defined by (1). Then for any 
integers n > 0, k > 1 and m > 1, we have 


Uma; (£)U maz (x) +++ Uma, (2) 
ayt+ag++-+ap=ntk 
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Theorem 2. Let V(x) = {V,,(x)} be defined by (1). Then for any integers n > 0, k > 1 
and m > 1, we have 


k 





ae Vinay ()Vinag (2) +» Vinay ( =n Lyhok-hYyh (ny (*) 
[2y*] OPER CHL) (Rete ee Ge 
. y Cv ( n-h-i ( i )va (x)q™*(z). (7) 
Let p(x) = x,q(x) = —1, from these theorems we may immediately deduce following 


corollaries: 
Corollary 1. For any integers n > 0, k > 1 and m > 1, we have the identity 


S- Fimay (©) Fmag(®) +++ Fmax (2) 
ayt+ag+:-+ap=ntk 


= FE (x) PD anes (" ° : 7 _) (" . ‘ Li Gt). 


Corollary 2. The identity 


S- Lemay (£)Lmay (2) ++ ‘Limax (x) 


aytag+--+ap=n 





k a | : 
=) et - k > maiifm+tk-h—-i-l\(n-h-1W_y_ px 
h=0 i=0 


hold for all integers n > 0,k >1 and m>1. 

By setting x = 1 in these corollaries, we can easily deduce the following interesting identity 
involving the Fibonacci numbers and the Lucas numbers. 

Corollary 3. Let n > 0, &k >1 and m > 1 are integers. Then 


Ema; Fmas oa Panic 
ay t+ag+-:-+axp=n+k 


ra Saccnmnn( MRED (2D gpa 
nm—t 7 


=0 





Remark. In fact, for any positive integer m, using the Corollary 3 we can give an exact 
calculating formula for (3). 
Corollary 4. For any integers n > 0, k > 1 and m > 1, we have the identity 


5 Lima, Limay tas Limax 
ait+a2+--+ap=n 


k = ; ; 
k (nt+tk—-h—-i-1\(n-h-i . 
= —1)hgk-h —jy(m+1i Lr h-2i. 
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§3. Proof of Theorems 


In this section, we present an outline of the proof of each of our main results stated in 
Section 2. For convenience, let 
(a™)" = (8™)" _ Umn() 


Up 0) = m= To (8) 





and 
Vioea"+8™, (9) 


It is clear that the sequences {U/,(a)} and {V,\(x)} satisfy the linear recurrence relation 
W(x) = Vin(x)Wr—-1(x) — g'" (a)Wr-2(x), n> 2. 


Notes that Uj(x) = 0, U(x) = 1, Vo(a) = 2, V/(x) = Vin(x). So we can easily deduce 
that the generating function of {U!/(x)} and {V/(a)} are 








1.0 = Duala > = TOT (10) 
and 

Vea)= y Vitae" = a _ (11) 

From (10) we have 
G(t, x) = Uti) a > Uh B28 (12) 

n=0 
Proof of Theorem 1. For any two absolutely convergent power series sae and 
n=0 


Co 
S- b,x”, note that 


n=0 
(>. on . (>. bo) = s ( S- eas) x”, 
n=0 n=0 n=0 \ut+v=n 


then for any integer k > 1, from (12) we can get 
Ate) =( Ua) 
n=0 


oa ( S- U4, 41(2) . Uo,41(2) a vt) “— 


n=0 \ai+:::-+ap=n 


_ ao s ( y. Va Ven@ Unant) ia 


n=0 \ai+--+ap=n 
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On the other hand, 


G*(t, x) - 














Nj 
Eo ear(e sae 
as 3 (Sn a ae a ') (" : i V2-2i(p) g(a) | 4”. 
Thus 7 
TC) y ae Ua, +1(#) - Uaz+1(2) - Unant) t 
~ 3 Scan tei ‘) (" : ‘ Ve ad a) | aa" (13) 


Equating the coefficients of t” on both sides of equation (13) we obtain the identity 





nae . ( S- Uae) : Uaz+1(2) cor Unnte)] 


ay++ap=n 


=e ET I) ( \v-taam a) 





that is 


Oma; (%)U maz (x) +++ Uma, (2) 
a,t+a2g+---+a,=n+k 


= ube) (TET (Svea) 


; n-1t 
1=0 





This completes the proof of Theorem 1. 
Proof of Theorem 2. From (11), we also have 


Co 


Vet,e) = (SO Va(@)e")* 
n=0 


->: by Wea) Vi) 
n=0 


a,+a2+:::+ap=n 


= ye ( eS Vinay ()Vinay (x) + Vinag o) “t”. 


n=0 \a1+a2+7:+a,=n 








On the other hand, by (10) and (11) we have 


V¥ (t,x) = (2 — Vin(ax)t)* - GF (t,x). 
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Note that k 
k 
ke _4)\hok—hyh oo 
@— Vala) = Do(—1ytatrysbtey(F) ot 
h=0 
So 
k 
k _ _4)hok—hyrh h 
V¥(t,z) => (-1)2 vinca)(7) t 
h=0 
Se). athe lat ; ; 
ep oe(E Cy twee) | 
n=0 i=0 os : 
Then 
V¥t2) =S0 (31-ntat vA (;) 
n=0 \h=0 
("3") : . 
(ntk—-h—-1t-1\ (n-h- i. po; par Ki 
ea CC a ere) 
=i n-h—-t 1 
Thus 


( > Vines (2) Viner (x) —" Vinax 9) a 





n=0 \aita2t+--+ap=n 
co k k 
=> (dnt vac (7) 

n=0 \h=0 

ne Li n+k—-h—-—i-1\(n-h 1) yn—n—2i oni “n 
(DOT eee |e 


Comparing the coefficients of t” on both sides of the above identity, we get the following 


formulas (7). 
This completes the proof of Theorem 2. 
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Abstract For any positive integer n, the famous Smarandache function S(n) is defined as 
the smallest positive integer m such that n|m!. That is, S(n) = minfm: me€N, n|m!}. In 


an unpublished paper, Dr. Kenichiro Kashihara asked us to solve the following inequalities 





S (at) +S (az) +--+: + S (an) > nS (a1)-S (a1)-++++- S' (an). 
In this paper, we using the elementary method to study this problem, and prove that for any 
integer n > 1, the inequality has infinite group positive integer solutions (a1, v2, --: , In). 


Keywords F.Smarandache function, inequalities, solution, necessary condition. 


§1. Introduction and Results 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n | m!. That is, S(n) = minfm: n|m!, n € N}. For 
example, the first few values of S(n) are S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, 
S(6) = 3, S(7) = 7, $(8) = 4, S(9) = 6, S(10) = 5, S(11) = 11, S(12) = 4, ------ . About 
the elementary properties of S(n), many authors had studied it, and obtained some interesting 
results, see reference [2], [3], [4] and [5]. For example, Wang Yongxing [3] studied the mean 
value properties of S(n), and obtained a sharper asymptotic formula about this function: 


Tv 2X x? 


n<u 


Lu Yaming [4] studied the solutions of an equation involving the F.Smarandache function S(n), 
and proved that for any positive integer k > 2, the equation 


S(my + me + +--+ mp) = S(m1) + S(me) +--+ + S(mx) 


has infinite group positive integer solutions (m1, m2,--+ , mx). 
Jozsef Sandor [5] proved for any positive integer k > 2, there exist infinite group positive 
integers (m1, m2, ---, Mz) satisfied the following inequality: 


S(mi1 + meter Mr) > S(mz) + S(mg2) fee Hf S(mxr). 
Also, there exist infinite group positive integers (m1, mz2,--- ,m,) such that 


S(mi1 + m2 +--++ mx) < S(mz) + S(mz2) + +++ + S(me). 
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In [6], Fu Jing proved more deeply conclusion, i.e., if the positive integer / and m satisfying 
one of the following conditions: 

(a) k > 2 and m > 1 are all odd numbers. 

(b) k > 5 is odd, m > 2 is even. 

(c) Any even numbers k > 4 and any positive integer m; 

then the equation 


m- S(my +m +-+++ mpg) = S(m1) + S(m2) +--+ + S(me) 


has infinite group positive integer solutions (m1, m2, --:, Mx). 

On the other hand, Xu Zhefeng [7] studied the value distribution properties of S(n), and 
obtained a more interesting result. That is, he proved the following conclusion: 

Let P(n) be the largest prime factor of n, then for any real numbers x > 1, we have the 
asymptotic formula: 





2 2¢(3)23 | at 
S> (S(n) — P(n))” = ae -o( =), 


n<ux 


where ¢(s) is the Riemann zeta-function. 
In an unpublished paper, Dr. Kenichiro Kashihara asked us to solve the following inequal- 


ities 





S (xt) +S (ag) teres + S (xP) > nS (a1)-S (a1) +--+ S (ay) - (1) 


About this problem, it seems that none had studied it yet, at least we have not seen any related 
papers before. The main purpose of this paper is using the elementary methods to study this 
problem, and prove the following: 

Theorem 1. For any fixed positive integer n > 1, the inequality (1) has infinite group 


positive integer solutions (#1, %2, +--+, Un). 
Theorem 2. For any fixed positive integer n > 3, if (a1, v2, ---, Xn) satisfying the 
inequality (1), then at least n — 1 of 21, v2, +++, @, are 1. 


It is clear that the condition n > 3 in Theorem 2 is necessary. In fact ifn = 2, we can take 
“1 = £2 = 2, then we have the identity 


S(a2) + S(a2) = S(2?) + S(2?) =44+4=8 = 25(2)S(2) = 28(21)S(a2). 


So if n = 2, then Theorem 2 is not correct. 


§2. Proof of the theorems 


In this section, we shall prove our theorems directly. First we prove Theorem 1. If n = 1, 
then this time, the inequality (1) become $(x 1) > S(#1), and it holds for all positive integers 
x1. So without lose of generality we can assume that n > 2. We taking 7, = v2 =---%p_-1 = 1, 
Ln =p > n, where p be a prime. Note that S(1) = 1, S(p) = p and S(p”) = np, so we have 


S (at) +S (ag) Heese +S (a7) =n—-14+ S(p") =n-1+4+ np (2) 
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and 
n§ (1) -$ (a1) ++++++$ (an) = nS(p) = np. (3) 
From (2) and (3) we may immediately deduce that 


S (at) +S (ag) teres + S (xP) > nS (a1)-S (a1)-+- + S (%y) - (4) 





Since there are infinite primes p > n, so all positive integer groups 
(21, T2, 77 fy) = (1, 1, a ,D) 


are the solutions of the inequality (1). Therefore, the inequality (1) has infinite group positive 


integer solutions (41, 22, ++, Zn). This proves Theorem 1. 
Now we prove Theorem 2. Let n > 3, if (a1, x2, ---, Yn) satisfying the inequality (1), 
then at least n — 1 of x1, v2, ---, ®» are 1. In fact if there exist x} > 1, 72 >1,---, a, >1 


with 2< k <n such that the inequality 


S (xt) +S (ag) +e: + S (xP) > nS (a1)-S (a1)-+- + S (x¥) (5) 





Then from the definition and properties of the function S(n) we have S(x;) > 1 and S (a2?) < 
nS(a;i),t= 1, 2, ---, k. Note that a1 + ag +--+ + ap < ajag---a, if a; > 1 and k > 3, 
i=1, 2,---, kj Ifk = 2, then a, +a < ajay, and the equality holds if and only if aj = ag = 2 


(a1 > 1, a2 > 1). So this time, the inequality (5) become 
n—-k+S(a?)+S (ag) +--+--- +S (a) > nS(a1)S(a2)--+ S (ae). (6) 


If k > 3, then from (6) and the properties of S(n) we have 





n—k+n[S (a1) +S (a2) +-++++: + 3 (xz)] = nS(x1)S(x2) +--+ S(zx) 


or 
n—k 


n 


+ S' (a1) + S (aq) +--+ + S' (ap) > S(x1)S(x2)-+-S(xx). (7) 





Note that 0 < n—k <1, so the inequality (7) is not possible, because 
S(a1)S(a2)-+-- S(ap) > S(a1) + S(a2) +--+ + S(ap) +1. 
If k = 2, then the inequality (6) become 
n—-24+ S(a?)+S (x3) > nS(#1)S(a2). (8) 


Note that S(a”) < nS(x), S(a1) + S(a2) < S(a1)S(a2) and the equality holds if and only if 
v1 = v2 = 2, so if S(x1) > 2 or S(ae) > 2, then (8) is not possible. If S(a1) = S(a2) = 2, then 
“1 = L2 = 2. Therefore, the inequality (8) become 


SOr> 41. (9) 
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Let S(2”) =m, then m > 4, if n > 3. From the definition and properties of S(n) we have 


Thus, 








from (9) we have 


= 
m= S(2") > 41> S(m 1) ¢+1=m+—>5m. 





This inequality is not possible. So if n > 3 and (#1, x2, --: , Lp) satisfying the inequality (1), 
then at least n — 1 of x1, v2, --- , Zp are 1. This completes the proof of Theorem 2. 
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Abstract In this paper, an improved ant colony algorithm is proposed for solving continu- 
ous optimization problems. The proposed algorithm is applied to optimize the water-reusing 
network, which is modeled as a high-dimensional nonlinear constrained optimization prob- 
lem. The experimental results would have provided some pieces of advice in the engineering 


applications. 


Keywords Water-reusing network, ant colony system, continuous optimization. 


81. Introduction 


The aim of water system optimization is to consider how to assign the amount and quality 
of water in each process unit of a whole water system so as to attain the maximum rate of water 
recycle and attain the minimum amount of the drained waste water at the same time. The 
problem mentioned above includes bilinear items and integer variables. So the algorithms of 
solving mixed non-linear integer programming MNLIP should be adopted to find the solution 
to the problem. In general, it is difficult to solve the MNLIP by the traditional optimization 
methods. Ant colony optimization algorithms introduced in recent years, however, may find a 
better solution to the problem in average. 

The ant colony optimization techniques are based on the real world phenomena that ants 
are able to find their way to a food source and back to their nest, using the shortest route. They 
are a kind of relatively new heuristic and stochastic searching algorithms for solving complicated 
optimization problems. On the basis of the high-dimensional complexity of the water system, 
an ant colony algorithm for continuous optimization is improved in updating the pheromone so 


as to have better performance of optimizing the water-reusing network. 


§2. Water-reusing network optimization and its mathemat- 


ical model 


2.1 The description of water-reusing network optimization 
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Regular water-reusing network is a kind of common water networks, on which great deals 
of research efforts have focused. The characters of its structure can be stated as follows: in 
the water system, every process unit provides water for the other process units or receive water 
output from the other process units directly, that is, the process unit is connected with other 
process units. Water-reusing network can be described by superstructure model. Any process 
unit can be fed by fresh water or water output from other process units; meanwhile, its output 
can be drained off directly or to other process units, but can not go back to itself. 


2.2 The mathematical model of the water-reusing network 


The mathematical model|2] of optimizing the water-reusing network is set up as follows: 
Minimize the objective function 


min f(z) = 57 FY, (1) 


jEP 


that is, minimize the freshwater consumption of the system. The constraints are 


1. The water balance of process j: 


hj (2) =FV+5°K; — FP S> Fix =0, jeEP. (2) 
ieP keP 
gj be 


2. The mass balance of contaminants at the inlet node of process j: 


93(@) = > (Fig COM) — (FN +57 Fj) C= 0, 7 € P. (3) 
iE€P iEP 
tAj iAj 


3. The mass balance of contaminants of process j: 


ij(e) = (Fy + 9° ij) C]" + My — (FY + 9° Fj). CO" =0, jeP. (4) 
tEP iEP 
iAj tAj 


Denote by x the vector which is composed of all the parameters to be optimized, including 
Cf an Fp , eee oe P is a set of natural numbers, whose every element stands for a process 
unit. By the penalty method, the formulas (1)-(4) can be transformed into an unconstrained 
optimization problem 


min F(x) = f(a) +) (7/2) - ((hy(w ))? + (93(a))? + y(@ ))’), (5) 


j=l 


where r is the constant penalty factor. 


§3. Ant colony system for continuous optimization 


3.1 Basic idea of ant colony system 
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Ant colony system, introduce by M. Dorigo and A. Colorni, is an intelligent optimization 
algorithm which is designed to simulate the self- adaptive ability of real ant colonies[3]-[5]. One 
of the main ideas of ant colony system is the indirect communication of a colony of agents, 
called ants, based on pheromone trails. The pheromone trails are a kind of distributed numeric 
information which is modified by the ants to reflect their experience while solving a particular 
problem. 

It has been studied that ants often find the shortest path between a food source and the 
nest of the colony without using visual cues. In order to exchange information about which 
path should be followed, ants communicate with each other by means of a chemical substance 
called pheromone. As ants moving, a certain amount of pheromone is dropped on the ground, 
creating a pheromone trail. This pheromone trail can be observed by other ants and motivates 
them to follow the path. The more ants follow a given trail, the more attractive that trail 
becomes to be followed by other ants. This process involves a loop of positive feedback, in 
which the probability that an ant chooses a path is proportional to the number of ants that 
have already passed by that path. 

That is the way how the trail is reinforced and more and more ants follow that trail. 
Meanwhile, the ant colony are capable of adapting the vary of the environment, that is, when 
there is an obstacle in their moving route, they can also find the best route in which a high 
levels of pheromone has been deposited over a period of time [6]. 

Based on converting this idea to a search mechanism, ant colony system can be applied 
for solving some combinatorial optimization problems such as the job-shop scheduling problem 
(JSP), quadratic assignment problem (QAP) and traveling salesman problem (TSP) [4Jetc. The 
main idea, taking TSP as an example, is that a set of ants, search in parallel for good solutions 
to the TSP and cooperate through pheromone-mediated indirect and global communication. 
Informally, the ant colony system constructs a TSP solution in an iterative way: m ants initially 
positioned on n cities chosen according to some initialization rule (e.g., randomly). 

Each ant generates a complete tour which corresponds to a feasible solution to the TSP by 
exploiting both information gained from past experience and a stochastic greedy heuristic (the 
state transition rule). Memory takes the form of pheromone deposited by ants on TSP edges, 
while heuristic information is simply given by the edge’s length; ants prefer to move to cities 
which are connected by short edges with a high amount of pheromone. While constructing its 
tour, an ant also modifies the amount of pheromone on the visited edges by applying the local 
updating rule. Once all ants have terminated their tours, the amount of pheromone on edges is 
modified again by applying the global updating rule. A fraction of the pheromone evaporates 
on all edges, and then each ant deposits an amount of pheromone on edges which belong to its 
tour in proportions to how short its tour was. The process is then iterated. 


3.2 The proposed ant colony algorithm for continuous optimization 


Ant colony system was first proposed for solving combinatorial optimization problems. 


However, there are lots of continuous optimization problems required in many applications. 
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Therefore, how to improve and design the novel ant colony algorithms for solving continuous 
optimization problems becomes a key issue in the study of the ant colony system. 

Water-reusing network optimization is a high-dimensional continuous optimization prob- 
lem. In this paper, an improved ant colony algorithm is proposed, which is based on the 
discretization of the continuous space. The way of selecting cities and dividing the solution 
space is mainly adopted as one in [7]; the amount of the pheromone is modified by applying the 
local updating rule and the global updating rule together, and meanwhile, retaining the best 
solution at each iteration. 

In detail, the pheromone is updated locally by the function values of the routes at the 
present iteration; while only is the pheromone in the best route which stands for the best 
solution updated globally so as to avoid reaching the local optimal due to the over-high level of 
the pheromone in that route. 

Suppose that the independent variables are set to be at d decimal place, then every indepen- 
dent variable x can be denoted by d decimal numbers approximately. Based on the assumption, 
we construct d-+ 2 layers of cities as follows: there are only one city, labeled as 0, in the first 
layer and the last layer respectively; from the second layer to the d+ 1th layer, there include ten 
cities labeled from 1 to 10 in every layer, and these d layers stand for the decile, the percentiles, 
veeees , of the variable x from left to right respectively. 

Among these cities, only can the ones between the neighbor layers be connected. Denote 
the pheromone in the route connecting city a in the & — 1th layer and city b in the kth layer by 
T*,, the city where ant n stays in the mth step by T(n,m). Let the total number of the ants 
be No. Initialize r*, as 7) and T(n,0) =0 (n=1, 2, --- No). 

We select the routes as follows. 

If the city where ant n stays at present is T(n,k—1) =a, then select the city to which the 
ant will get in the next step by the following formula: 


k 7 
argmax{7T,},if q¢ < Qo; 
T(n,k) = aes (6) 
S,, otherwise, 
where g is a random number, Qo is a constant in [0,1] to determine the probability of the 
selection of pseudo-random numbers and S, denotes the next city to which the ant will get. 
First compute the probability of the selection of each city in the next layer according to 


9 
p(a,b) = Th | do Tae (7) 
«r=0 


and then determine the next city to be selected with roulette-wheel scheme where p(a, b) denotes 
the probability of transformation from the present city a to the next city b. When every ant 
gets to the d+ 1th layer, all of them are forced to move to the unique city in the last layer. 

When the ant n passed through all the cities, we first decode the route selected by the ant 
and compute the value of x(n) by 


d+1 


a(n) = Tn, k) x 10°, (8) 


k=2 
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and then update the pheromone in this route according to 


TE (n,k—1),T(n,k) =(1—p)x TE(n,k—1),T (nk) as ATF (n,k—1),T(nsk)" (9) 


—_—.,, if the ant n passes through the cities (T'(n,k — 1),T(n, k)); 
ATP(n,b—1),T(n,k) = F(x(n)) (10) 


0, otherwise, 


where p € (0,1) is a constant, denoting the increasing rate of the remaining pheromone in the 
route and Q is a positive constant. 

When all their ants finished the tour, we only update the pheromone in the shortest route 
and retain the best solution in the cycle. We first select the optimal ant, labeled as nmin, by 


Nmin = arg min{ f(a(n))} (11) 
and update the pheromone in the route through which the ant nin passed according to 
Tay = (1—a)r§, + af (e(mmin)) (12) 


where a = T(mmin, kK — 1), b= T (nmin, k), & € [2,d + 2] and a is a constant in (0,1). 

For continuous optimization problems with multi-variables, we construct the cities and 
decode the independent variables according to the following way: suppose that x is a N- 
dimensional independent variable and every component is set to be at d decimal place, then we 
can construct N x d+ N + 1 layers of cities, where there are only one city labeled as 0 in the 
1st,d + 2th, 2d+ 3th,---,N x d+ N+ 1th layers respectively, and there are ten cities labeled 
from 0 to 9 in every rest layer. Thus there are N x dx 10+ N +1 cities altogether. The layers 
from the (k—1) x (d+1)+ 2th layer to the k x (d+1)th layer(k = 1,2,--- , N) stand for the kth 
component of the independent variable and the other layers are auxiliary ones. We calculate 
a(n) by 





d+1 Nxd+N 
enj=() Tink) x10. , S- Tn, be). 10 2) (13) 
k=2 k=(N—1)xd+N+41 


In such a way, the last component of each variable is separated from the first component of the 
next variable by the auxiliary layer so that the later variable has no effect on the former one. 

We state the steps of the above algorithm as follows: 

(a) Initialize parameters: set iteration number M, the total number Np of ants, pheromone 
7), parameters p, Qo, a, Q, d and the initializing city T(n,1) = 0 where the ant n stays 
for all n; 

(b) Set the cycle number NC := 1; 

(c) Let all the ants be in the initializing city and execute the step (d) and the step (e) to 
every ant; 

(d) Select the next city to which the ant will get according to the formulas (6) and (7); 

(e) Update the pheromone locally according to the formulas (8)-(10) after every ant finishes 
its tour (substitute the formula (8) by (13) for multi-variable continuous functions); 
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(f) Select the optimal ant and update the pheromone globally according to the formulas 
(11)-(12); 


(g) Determine whether the termination is satisfied. 
NC := NC +1, go to step (c) and continue. 


If so, then output; otherwise, set 


84. Numerical experiments and results 


In this section, the proposed ant colony algorithm introduced in the last section is applied 
P = {1,2,3}, which 
is modeled as an 18 dimensional continuous optimization problems mathematically.) Table 1 


to optimize the water-reusing network with three process units (i.e. 
shows the limiting data of the water system. Taking the parameters as No = 80, M = 100,7 = 


0.10, Qo = 0.8, p= 0.01 , a=0.80 and Q = 100 respectively. Table 2 shows the best five 
results and the result by Lingo 8.0. 


Table 1 The limiting data of the water system|[2] 





















































Process unit Limiting inlet Limiting outlet Mass load of 
number concentration of concentration of | contaminant 
contaminant(ppm) | contaminant(ppm) (g/s) 
1 50 100 3000 
2 25 90 2880 
3 25 200 4000 
Table 2 Results comparison 
Result 1 | Result 2 | Result 3 | Result 4 | Result 5 | Lingo 
Flow rate of 
fresh water | 74.4796 | 76.3611 | 79.7994 | 78.2772 | 76.1979 | 75.94 
Fv (t/h) 














Figure 1 shows the value of the objective function varying with the number of the iterations. 
It is shown that although the values of the objective function oscillate all the time during the 
iterations, the breadth of the oscillation decreases as the number of iterations increases and 


approaches to vary within a small stationary range. 


9000 
6000 
7000 
6000 
5000 
4000 
3000 
2000 
1000 


Objective Yalue 





Iteration Number 


Fig. 1 The relation between the objective function and the iteration numbers 


§5. Conclusion 


In this paper, an improved ant colony algorithm for solving continuous optimization prob- 
lems has been proposed and applied to solve the water-reusing network optimization, which is 
a high-dimensional and non-linear constrained optimization problem. The experiment results 
show the good performance of the algorithm for optimizing the water-reusing network with 
three process units. The optimal solution gotten by the proposed algorithm can provide some 
pieces of advice in the engineering applications. Nevertheless, it is difficult to determine the 
values of the parameters because there exist too many random numbers during the iterations. 


Therefore there need a lot of experiments to get the better value of the parameters. 


NOMENCLATURE 


a Flow rate from fresh water pipeline to process j, t/h; 

Fy Flow rate from process j to process 1, t/h; 

Fp Flow rate from process j to wastewater pipeline, t/h; 

Cy @ Inlet concentration of contaminant of process 7, ppm; 

Cc Outlet concentration of contaminant s of process j7, ppm; 

M; Mass load of contaminant s of process j, g/h; 

CG, n.Mar  Timiting inlet concentration of contaminant s of process j, ppm; 


Chetan Limiting outlet concentration of contaminant s of process 7, ppm. 
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Abstract The initial feasible basis is a elementary concept in simplex method of solving 
linear programming problem. The big M method and the two-phases way are usually adopted 
to construct a unit matrix as a initial basis. But, these schemes often make one confusion in 
thinking clue and complication in calculation. Aim at this point, we establish the association 
between the elementary transformation of matrix and the concept of initial feasible basis, a 
determination way for initial feasible basis of linear programming is presented here. The pre- 
sented scheme is concisely, convenience and making the solving procedure clearly in practice. 
Some examples are given to demonstrate these characteristics in this paper. 

Keywords Linear programming, simplex method, initial feasible basis, elementary trans- 


formation of matrix. 


81. Introduction 


It is a basic problem that to determinate a initial feasible basis of a linear programming in 
the simplex method. The big M method and two -stage way are usually adopted to construct 
a unit matrix as a initial basis through to introduce some artificial variables first, then make 
the iteration of simplex method. But, these schemes often make one confusion in thinking 
clue and complication in calculations. This situation is more obviously in handing operations. 
When we pay attention to the relations between the essential of simplex iteration way and the 
elementary transformation of matrix, a solving way of linear programming is appears based 
on the row elementary transformation of matrix at the augment coefficients matrix of linear 
programming model. As the augment coefficients matrix transformed as a new look that include 
a unit matrix as its sub-matrix, we can begin to start the simplex iteration in simplex table. 


§2. Theoretic bases of method 


Suppose the linear programming model we considering is 


min f(x) = cla 
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(LP) s.t. Av =b,x > 0. (x) 


Such that c = (c1¢2 Aen)’, 2 = (4142 A2n)", b= (b1b2 A bm)?, A= (aij)mxn, and the 
augment coefficient matrix of LP model (*) is noted as B = [A]b]mx(n+1)- 

The theory bases of the method we shall present in here is a well known theorem as follows. 

Theorem. If matrix A can be transformed into matrix B by a finite series elementary row 
(or column) transformations, then the row (or column) group of A is equivalent to the row (or 
column) group of B, and arbitrary k row (or column) of A have the same linear relativity as 
the corresponding k row (or column) of B. 

This conclusion means that the elementary transform of matrix doesn’t change the rank, 
i.e. r(A) = r(B). Therefore, am x n matrix can be transformed into a row ladder matrix by 
row elementary transformation, and the a mount of nonzero row vector of this ladder matrix 
is the rank of the matrix. If we continued to operate row elementary transformation on this 
row ladder matrix, it can be transformed into its simplest form: the first nonzero element of 
nonzero row vector is 1, and other elements of the column including this 1 are zero. 

In other words, any m xn matrix can be deducted into a equivalence matrix which including 
arxr unit matrix by a finite series row elementary transformation. This fit like a glove for 
the demand of simplex scheme that is to construct a unit matrix as a initial feasible basis in 
the coefficient matrix. Hence, we can present a determination way to get a initial feasible basis 
for a linear programming model: First, doing a finite series row elementary transformation on 
the augment coefficients matrix B = [A|b]mx(n+1) till to perform it as its simplest form under 
the condition of keeping the resource vector b always positive, a r x r initial feasible basis is 
obtained (r < m); and whereafter, turn into the simplex method in the simplex table by arrange 
the simplest form matrix into initial simplex table. The advantages of this scheme are not only 
getting a initial feasible basis (when r = m ), but also finding the dependent constrains (when 
r <m) in linear programming model so as to eliminate them to lessen the computation amount 
of simplex method. 


§3. Procedure of method 


The steps of using this determination scheme of getting a initial feasible basis above in- 
ducted are follows concretely. 

Step 1. Doing a finite series row elementary transformation on the augment coefficients 
matrix B and always holding the feasibility (i.e. column vector b is non-negative), till to perform 
B as the form including a unit matrix as its sub-matrix. It is pointed that there are four notes 
as follows: 

(1) The constrain equations are independently when the case of a whole row is transformed 
into 0, then, the augment coefficients matrix B can be decreasing dimension from m x (n + 1) 
to (m— 1) x (n+ 1), the dimension of the unit matrix is (m— 1) x (m— 1). The dimension of 
the unit matrix as the feasible initial basis is not always m x m; 

(2) The rank(A)4 rank(B) when all elements are 0 of someone row except the non-zero 
element corresponding b is occurred, then we adjudge there no feasible solution of the LP 
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(constrain equations is contradiction), stop; 

(3) There is a redundant decision variable when all elements are 0 of someone column and 
the coefficient of corresponding variable is 0 in object function, then we adjudge the dimension 
of LP model is decreasing 1. 

Step 2. Arranging the result of Step 1 into simplex tableau as a initial simplex tableau, 
and arrange the variables that corresponding to the column of the unit matrix as basic variables, 
the criterions is obtained by 


ey — > cai, j€In, 
Oj = i€lp 
0, j € Ip. 


Such that: Ig is the set of subscript of basic variable, Iy is the set of subscript of non-basic 
variable. The initial value of object function is —zo = S- cib, ; 

Step 3. According the usually procedure of Snsis aioe to solving in the initial simplex 
tableau we got in Step 2. 

It is noted that we may use the second class and the third class elementary row transfor- 
mation only and do without the first class elementary row transformation (exchange positions 
of any two rows) in our way. It is appears that advantages of this scheme are clear thinking 
clue, concise procedure and less amount of computations in practice. We can demonstrate this 


method by some classic examples in this paper. 


§4. Examples and annotations 


Exa. 1. Solve the linear programming model as follws. 





min z = —32%, + %2+ 243 
a, —2%2+734+ 24 =11 
4a, + 22 +2273 ti =3 
8.t. 
—221 + x3 => 1 


x, = 0, (@=1,2,--- ,5) 


Solving: First, doing a finite series row elementary transformation on the augment coeffi- 


cients matrix that always keeping the feasibility: 
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3 0 0 1 -—2 12 
3 0 10 0 -1 #1 
—2 0 10 0 421 


Then, construct a initial simplex tableau and iterating to get the solution: 


















































G; 3/1/14 0 0 | b 
cB | @B | xr | L2 | ©3 | L4 | U5 
0 | a,]/3 | 0) 04 1 +7] -2 | 12 
1 xr | O 1 0 0 -1 1 
1 | a3 | -2 | O | 1 | 0 0 1 

o, |-l1|/o0};o;o]1 | 2 
-3 | 2, | 1] 0) 0 5 —3 4 
1 rq | O 1 0 0 -1 1 
1 | 23} 0}|0/1) 2 |]-| 9 

oj 0} 0); 0 3 5 -2 

Hence, the optimal solution is x* = (4,1,9,0,0)7 , the optimal value is z* = —2. 


In [1], solving this problem by big M method in 3 time iterations. And by two-phases 
method, complete the first phase in 2 iterations, then go to second phase, making 1 iteration 
again to get the optimal solution. 

Exa. 2. Solving 


min z = 4%; + 323 


1 1 2 

p21 + LQ 4+ 53 — 3X4 =2 
3 3 _ 
91 + 423 = 
321 — 6x2 + 4a4 = 


a >0, (é=1,2,3,4) 


Solving: First, doing a finite series row elementary transformation on the augment coeffi- 
cients matrix that always keeping the feasibility: 


2 1 3-32 213-3 ? 213-32 
2042 0 3/—|6 03 0 12 )—)]2 0 1 0 4 
3-6 0 4 0 603 0 2 000 0 0 
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Nike 
wit 


1 0 0 
= 2 01 0 4 
0 00 0 O 


Then, construct a initial simplex tableau and iterating to get the solution: 























Cj 4 0 | 3 0 b 
cB | @B Xy L2 | XB v4 
0 Lr —4 1 0 -3 
3. | 2% 2 0} 1 0 4 
on -2 | 0 | 0 O | 12 
0 | x2 0 1 i —2 1 
4 | xy 1 0 $ 0 2 
0; 0 0) 1 0 8 























Hence, the optimal solution is z* = (2,1,0,0)7, the optimal value is z* = 8. 





In [2], solving this problem by two-phases method, complete the first phase in 3 iterations 
to get this initial feasible basis. 
Exa. 3. Solving 


min z = 4%, + 32% 





1 1 2 

a1 + 22+ 903 — 324° = 2 

3 1 

real car a Os = 3 
8.0. 2 2 

321 — 6x9 +424 =0 


a >0, (¢=1,2,3,4) 


Solving: First, doing a finite series row elementary transformation on the augment coeff- 
cients matrix that always keeping the feasibility: 


bol § -3 2 oe ae a p14 -} 2 
2 0 -t 0 3/—J|3 0-10 6|—|]5 00 0 10 
3-6 0 4 0 60 38 0 2 2014 0 4 
-35 135 -% 2 015 -% 1 010 -$ 1 
(41 00 2st oo 2 2] 1 eo De 2 
2 01 0 4 001 0 0 001 0 0 
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Then, construct a initial simplex tableau: 

















C; 4/3]0]0]b 
cp | vp | x1 | G2 | &3 | a4 
3 )a}o;1)/o]-2] 1 
4|%]/1/]/0/)0] 6 | 2 
0|2,;/0/)0/1]0 | 0 
0; 0;/o0};o]2 |i 


























It is obvious that this initial feasible solution is the optimal solution by the row check- 
number. Hence, we never need to iterate, and the optimal solution is 2* = (2,1,0,0)7, the 
optimal value is z* = 11. 

In [2], solving this problem by two-phases method, complete the first phase in 3 iterations 
to get this initial feasible basis. 
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Abstract For any positive integer n, the famous F.Smarandache function S(n) is defined as 
the smallest positive integer m such that n divides m!. The main purpose of this paper is 
using the elementary method to study the solvability of the equation S(n)?+S(n) = kn, and 


prove that for any positive integer k, the equation has infinite positive integer solutions. 


Keywords F.Smarandache function S(n), elementary method, positive integer solution. 


81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n divides m!. That is, S(n) = min{m: me N, n|m}, 
where N denotes the set of all positive integers. From the definition of S(n), it is easy to see 
that if n = p{'p5?---p?* be the factorization of n into prime powers, then we have 


S(n) = das ole )). 


It is clear that from this properties we can caculate the value of S(n), the first few values of S'(n) 
are S(1) = 1, S(2) = 2, S(3) =3, S(4) =4, S(5) = 5, S(6) = 3, S(7) =7, S(8) = 4, S(9) =6, 
S(10) =5,--++-- . About the arithmetical properties of Sn), some authors had studied it, and 
obtained many interesting results. For example, Farris Mark and Mitchell Patrick [1] studied 
the bound of $(n), and got the upper and lower bound estimates for S(p*). They proved that 


(p— Net 1<5@")< p= 1) [e+ 1+ log, o] 4b 1. 


Lu Yaming [2] studied the solutions of an equation involving the F.Smarandache function 


S(n), and proved that for any positive integer k > 2, the equation 
S(my + m2 + +++ + mp) = S(m) + S(m2) +--+ + S(mx) 


has infinite positive integer solutions (m1, m2, --: , mx). 
Jozsef Sandor [3] proved that for any positive integer k > 2, there exist infinite group 


positive integers (m1, me, «+, mx) satisfying the inequality: 
S(m, + m2 +--+ + mp) > S(m 1) + S(m2) +--+ + S(mx). 
Also, there exist infinite group positive integers (m1, m2, --- , my) such that 


S(mi + Meo +--++ mg) < S(mz) + S(mz2) + +++ + S(me). 
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In [4], Fu Jing proved a more general conclusion. That is, if the positive integer & and m 
satisfying one of the following conditions: 

(a) k > 2 and m > 1 are odd numbers. 

(b) & > 5 is odd, m > 2 is even. 

(c) Any even number k > 4 and any positive integer m; 

then the equation 


m-S(my +m +-+++ mpg) = S(m1) + S(m2) +--+ + S(me) 


has infinite group positive integer solutions (m ,, m2, --: , Mz). 
Rongji Chen [5] studied the solutions of an equation involving the F.Smarandache function 
S(n), and proved that for any fixed r €¢ N with r > 3, the positive integer n is a solution of 


S(n)" + S(n)" 1 +---4+S(n) =n 


if and only if 
n=p(p’ +p"? +---+1) 


where p is an odd prime satisfying 
pot tp” A+.» +1\(p—D)!. 


On the other hand, in reference [6], Charles Ashbacher asked whether it is possible to 
create polynomial with the variables the values of the Smarandache function. For example, the 
polynomial 

S(n)? + S(n) =n 


is such an expression. A computer search for all n < 10000 yielded 23 values of n for which the 
expression is true. 
A computer search for all values of n < 10000 for which the expression 


S(n)? + S(n) = 2n 


is true yielded 33 solutions. 
A computer search for all values of n < 10000 for which the expression 


S(n)? + S(n) = 3n 


is true yielded 20 solutions. 
A computer search for all values of n < 10000 for which the expression 


S(n)? + S(n) =4n 


is true yielded 24 solutions. 
A computer search for all values of n < 10000 for which the expression 


S(n)? + S(n) =5n 
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is true yielded 11 solutions. 
A computer search for all values of n < 10000 for which the expression 


S(n)? + S(n) =6n 


is true yielded 26 solutions. 


Then he proposed the following three unsolved problems: 

Unsolved Problem 1: Is the number of solutions to each of the expressions above finite 
or infinite? 

Unsolved Problem 2: Is there a number k such that there is no number n for which 


S(n)? + S(n) = kn? 


Unsolved Problem 3: Is there a largest number k for which there is some number n that 

satisfies the expression 
S(n)? + S(n) = kn? 

About these problems, it seems that none had studied them yet, at least we have not seen 
related papers before. In this paper, we use the elementary method to study these problems, 
and solved them completely. That is, we shall prove the following conclusion: 

Theorem. For any positive integer k, the equation 


S(n)? + S(n) = kn (1) 
has infinite positive integer solutions, and each solution n has the form 
n= pny, 


where p = kn, — 1 is a prime. 

It is clear that from this Theorem, we solved the above three unsolved problems completely. 
That is, for any positive integer k, there are infinite numbers n satisfying S(n)? + S(n) = kn, 
so there isn’t the largest number & such that the equation (1) has positive integer solutions. 


§2. Proof of the theorem 


In this section, we shall use the elementary method to complete the proof of our theorem. 
First we need the following two simple lemmas. 

Lemma 1. If & > 0 and (k, h) = 1, then there are infinitely many primes in the arithmetical 
progression nk + h,n=0,1,2,... 

Proof. See Theorem 7.9 of reference [7]. 

Lemma 2. Let p be a prime. Then for any positive integer k, we have the estimate 
S(p*) < kp. If k < p, then S(p*) = kp. 

Proof. See reference [1]. 


Now we use these two lemmas to complete the proof of our theorem. It is clear that from 





the definition of S(n), 3 p*|n, s.t S(n) = S(p*) = mp, where m is a positive integer, from 


Lemma, 2, we have m < a. 
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Let n = p%n,, where (p,n1) = 1. 
If a = 2, then we have 


mp? + mp = kp? ny, 


while p?|m?p? + mp, so p|m, that is p< m <a. 
Similarly, there must exist a larger positive integer u, s.t p“|m, while m is a finite positive 
integer, in fact it is a contradiction. 
So a=1,m=1, then 
p?+p=kpn, 


or p = kn; — 1, from Lemma 1, there are infinite such primes p, while n = pn, = (kn, — 1)n1, 
so the equation (1) has infinite positive integer solutions. 
This completes the proof of Theorem. 
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Abstract The relation £** on any semigroup S' provides a generalization of Green’s relation 
L. The elements a,b of S are £**-related by the rule that (ax, ay) € R = (ba, by) € R for all 
x,y € S' where R is the usual Green’s relation. A semigroup S is called a wrpp semigroup if 
S is a semigroup such that (i) each £**-class of S contains at least one idempotent of S; (ii) 
a = ae, for alle € L3* NE. The aim of this paper is to investigate a wrpp semigroup with left 
central idempotents. It is proved that S' is a wrpp semigroup with left central idempotents if 
and only if S is a semilattice of R-left cancellative right stripes and E(S) is a right normal 


band; if and only if S is a strong semilattice of 7-left cancellative right stripes. 


Keywords wrpp semigroups, right zero bands, ?-left cancellative right stripes. 


81. Introduction 


According to Tang [1], the relation £** is defined on a semigroup S by the rule that aL**b 
if and only if (az,ay) € R = (ba, by) € R for all x,y € S' where R is the usual Green’s 
relation. The Green’s relation £ is contained in £**. In fact we also have that £C £L* C L**. 

A semigroup S' is a rpp semigroup if every £*-class contains an idempotent. Following [2], 
A semigroup S' is called a wrpp semigroup if S satisfy the following conditions: 

(i) each £**-class of S contains at least one idempotent of S; 

(ii)a = ae, for alle € L** NE. 

Clearly, the class of wrpp semigroups regards both the class of rpp semigroups and the 
class of regular semigroups as its subclasses. As analogues of C-rpp semigroups, an C-wrpp 
semigroup which is wrpp and whose idempotents are central, was introduced by Tang in [1]. It 
was proved that a semigroup S' is an C-wrpp semigroup if and only if S is a strong semilattice 
of £**-simple monoids. Later on, Du and Shum [2] studied left C-wrpp semigroups which are 
generalizations of left C-rpp semigroups in the class of wrpp semigroups. A rpp-semigroup 
with left central idempotents have been studied by Ren- Shum in [3]. It was stated in [3] 
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that the semigroup S with left central idempotents is isomorphic to a strong semilattice of left 
cancellative right stripes. In this paper a wrpp semigroup with left central idempotents will 
provide a generalization of an C-wrpp semigroup. It will be shown that S' is a wrpp semigroup 
with left central idempotents if and only if S is a strong semilattice of R-left cancellative right 
stripes. 


For notations and definitions not given in this paper, the reader is referred to [3], [4] and 


[5]. 


§2. Preliminaries 


We begin by recalling some basic results which will be used in the following. 

As stated in [3], we say that an idempotent e of a semigroup S is a left central idempotent 
if rey = exy always holds for all z,y € S' and y 4 1. By a semigroup with left central 
idempotents, we mean a semigroup in which each of its idempotents is left central. A semigroup 
S is called R-left cancellative if for all a,b,s € S$ 


saRsb if and only if aRb 


It is easy to see that if every idempotent of a semigroup S is left central then the set (5) 
of idempotents of S forms a right normal band. 

Lemma 2.1.!!) The relation £** is a right congruence on any semigroup S. 

Lemma 2.2. Let S be a wrpp semigroup with left central idempotents. If (a,e) € £** for 
a€ Sande € E(S) then ae = ea=a. 

Proof. Suppose that (a,e) € £** and e € E. Clearly, ae = a. Notice that e is left central. 
It follows immediately that ea = eae = ae = a. 

Corollary 2.3. If S is a wrpp semigroup with left central idempotents, then every £**-class 
of S contains a unique idempotent. 

By Corollary 2.3, we denote the £**-class of S containing the element a by L** and its 
unique idempotent by at. 

Lemma 2.4. Let S be a wrpp semigroup with left central idempotents. Then L** is a 
congruence on S. 

Proof. Suppose that a,b are elements of S with (a,b) € L**. Clearly, at = bt by 
Corollary 2.3. Suppose that z,y € St andc € S. If (cax,cay) € R then (ctaz,ctay) = 
(ctaataz,ctaaty) € R since cL**ct. This implies (actataz,actaty) € R and so (bctata, 
betaty) € R since (a,b) € L**. Hence, (ctbbta,ctbbty) = (ctbax,ctby) € R. Again from 
(c,cT) € L**, we have (cbx, cby) € R. 

A similar argument can show that (cbx,cby) € R implies (cax, cay) € R. Consequently, 
(ca, cb) € £L**, that is, £** is a right congruence on S. Combining Lemma 2.1 we have proved 
that £** is a congruence on S. 

By Corollary 2.3 together with Lemma 2.4, we immediately obtain the following result 

Corollary 2.5. If S is a wrpp semigroup with left central idempotents, then (ab)* = atb+ 
for alla,be S. 
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Proof. Clearly, a£**a* and bL**bt. Since £L** is a congruence on S it follows that 
abL**atb*. By Corollary 2.3, (ab)* = atbt holds. 


We now define a binary relation o on a wrpp semigroup S with left central idempotents by 





aob = at = btat and b+ =atbt for alla,beE S. 


Theorem 2.6. Let S is a wrpp semigroup with left central idempotents. Then the relation 
0 given above is a semilattice congruence on S. 

Proof. We first show that o is an equivalence relation on S. It is clear that o is reflexive 
and symmetric. To verify that o is transitive, we let aob and boc. Clearly, 


atbt = bt ,btat =a and btct =ct,ctbt =0". 


This leads to 





and 





Cee Ca sor r aha =a". 


By the definition of 0, aoc, that is, o is transitive. 
Next we prove that o is right compatible. For this purpose, let a,b € S such that agb. 
Using Corollary 2.5 together with the fact E(S) is a right normal band, we may deduce that 


(ace) (bel Sate he =e aw be =e re’ =i eo" — (be) 





and 


(bc) * (ae)* = bt etatet = ctbhtatct = ctatet = atet = (ac)*. 


This shows that acobc. 
Similarly, we can prove that caocb. Consequently, o is a congruence on S. To see that o 
is a semilattice congruence on S, let a,b € S. It follows by Corollary 2.5 that 


(bay (ab) =F ata’ th’ =b'a' hb ath? =(ab) 





and 


(ab) "(ba)" =a bth’ a? =atb' at =b'at = (ba). 


This implies that aobo = boac. It is easy to check that aa = ac. Thus, we have completed 
the proof. 

Lemma 2.7.(2] Let Y be a semilattice, and S = [Y; Sa, ®a,8] be a strong semilattice of 
semigroups S,. Then 

(i) If a € Sq,b € Sg, (a,b) € R, then a = £; 

(ii) For each a € Y,R(Sa) = R(S) 9 (Sa x Sa). 
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§3. Structure theorem 


We are now able to describe the wrpp semigroups with left central idempotents by using 
R-left cancellative right stripes. A semigroup S is said to be a R-left cancellative monoid if 
(ab, ac) € R implies (b,c) € R for any a,b,c € S (see [1]). The direct product of a right zero 
band J and an R-left cancellative monoid M is called an R-left cancellative right stripe. 

Now we come to our main result for the construction of wrpp semigroups with left central 
idempotents. 

Theorem 3.1. The following statements are equivalent on a semigroup S: 

(i) S is a wrpp semigroup with left central idempotents; 

(ii)S is a semilattice of F-left cancellative right stripes and E(S) is a right normal band; 

(iii) S' is a strong semilattice of R-left cancellative right stripes. 

To complete the proof of Theorem 3.1, we first show the following lemma. 

Lemma 3.2. If S is a wrpp semigroup with left central idempotents and S, is any o-class 
of S, then S, can be expressed as a direct product of R-left cancellative monoid and a right 
zero band. 

Proof. Let S be a wrpp semigroup with left central idempotents. Then by Theorem 2.6 
there exists a semilattice Y such that S = U,cy 

To show that every S, can be expressed as a direct product of R-left cancellative monoid 


Sq, where S, are o-classes of S and Y ~ S/o. 


and a right zero band, we make the following observation : 

1. For every a € Y, let Ag = Sa E(S). We prove that A, is a right zero band. Suppose 
that a € Sy. Clearly, ava? and so that at € Ag. It is easy to see that eof for e, f € Ag. Thus, 
ef = f and fe =e which implies that A, is a right zero band. 

2. For each a € Y, take a fixed eg € Ag and form My = Sgeqg. We verify that My, is a 
monoid with the identity e,. For this purpose, let a,b € My. Hence a = reg and b = yey for 
x,y € Sq. By Corollary 2.5, we may deduce that 


(cy)tat =atytat = at 


and 


y+ + = gtyt = ( 


gt(sy)t =ataty y ry)t. 


This implies that xyox and so that xy € S,. Consequently, 
ab = Ley yea = Lye? = TYeg 


which giving ab € Saea = Ma. Hence M,, is a monoid with the identity eq. 

Next we show that M, is a R-left cancellative monoid. Suppose that (ab, ac) € R for any 
a,b,c € My. Notice that a£**at and eq is the identity of M,. It follows that (a* beg, at cea) € 
R. Hence, (batea,catea) € R because a* is left central. Clearly, atoeg. This leads to 
(bea, Cea) € R and so that (b,c) € R. This shows that M, is a R-left cancellative monoid. 

3. Putting set M, x Ag, we consider a mapping y: My x Ag > Sq by (a, f) = xf 
for « € M,,f € Aa. Now we can claim that y is an isomorphism. For any (2, f),(y,g) € 








Ma Xx Aq it follows that y(a, fyyl(y,g) = «fyg = xyg = v(x, f)(y, g)] which implies that ¢ is 
a homomorphism. 
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Suppose that y(az,f) = ov(y,g), for (2, f),(y,g) € Ma x Aq. Then xf = yg and so 
ufea = ygea where €g € Sq. Since Aq is a right zero band, we may deduce that reg = yea, 
that is, 2 = y which implies that xf = xg. By Corollary 2.5, we can get «+f = atg with 
x* € Ag. Since Aq is a right zero band, it then follows that f = g and so that (x, f) = (y,g). 
This shows that y is injective. To see that y is surjective, we just take any a € Sy. Clearly, 
yp(aeg, at) = aega* = aat =a and hence y is surjective. Hence Sg ~ Ma x Aa. 

We now return to the proof of Theorem 3.1. 

Proof of Theorem 3.1. 

(i)=> (ii) is straightforward by Lemma 3.2 above. 


(ii)=(iii): Suppose that S' is a semilattice of R-left cancellative right stripes, that is, 
S = UaeySa where Sq = (M, x Aq) such that M, is an R-left cancellative monoid and A, is 
a right zero band. To see that there exist a family of construction homomorphisms for a strong 
semilattice of Sg, we consider a mapping 69,8: Sq — Sg by a+ ega where a, € Y with 
a > BP and eg € E(Sz) is fixed. Clearly, 6... is the identity mapping. In fact, 04,q is also a 
homomorphism. To see this, suppose that a,b € S. and eg is the identity element of Sg. Then 
ega € Sg = Mgx Ag and write ega = (a, f). Also let i? = i = (1g, f) € Sg = Mg x Ag where lg 
is the identity of the monoid Mg. Then, (ega)i = ega and egi = i. Putting b= (y,g) € Max Aa 
and j = (la,g) € Ma x Aa, we get jb = b. Using the right normality of E(S), we obtain 
egaegb = egaiegjb = egaijb = egab which implies that a60q,gb0a,8 = (ab)60,, that is, 60,3 isa 
homomorphism. Now we will check that 0o,g9a,7 = 9o,y for any a,3,y in Y witha > 6 > ¥. 
Suppose that a = (x, f) € Sg = Ma x Ag, i? =i = (la, f) € Ma X Aq where 1, is the identity 
of the monoid M,. Obviously, ia = a. It follows immediately from the right normality of E(S) 





that e,egi = ege,i = evi and aOq 29g,, = e,(ega) = eyegia = eyia = ea = afy,,. This shows 
that 9,898, _ Day: 





Finally, we will point out that ab = a@.,48b8@g,.8 for any a € Sy, and b € Sg. Since 
ab = €,(ab), we only need to show that e,gab = eagaeagb. Since eaga € Sag, by using similar 
arguments as above, we can show that there exists h? = h € Soe such that eggah = egga. 
Likewisely, for any b € Sg, there exists & = eg € Sg such that egb = b. Thus, by the right 
normality of E(S'), we have 


€apdeagd = (€apah)eagh = eagaeagegd 
Ca pGeaghegb = eggahegb 
= (€agah)(egb) = eagab. 


This shows that ab = a6q,08b08,.8. Hence S is a strong semilattice of My x Aq. 

(iii) (i): Let S = [Y; Sa, Aa,e] be a strong semilattice of R-left cancellative right stripes 
Sq = Ma, x Aq where M,, is a R-left cancellative monoid and Aq is a right zero band. 

We will first prove that E(S) = Ugey{(la, 2) : la is the identity of My,i € Eq}. If (a,z) € 
E(S), then there exists a € Y such that (a,i) € E(S)() Sq with (a,i)? = (a?,i?) = (a?,i) = 
(a,i). Hence a? = a. Since lga = alg = a, it follows that (al,,a”) € R(M,). Notice that 
M, is an R-left cancellative monoid. It is clear that (1a,a) € R(M..) and so that there exist 
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u,v € M2 such that a = 1,u and 1, = av. Thus we may deduce that 


This shows that E(S) C Ugey{(la,4) : 1a is the identity of Ma,i € Ea}. The converse inclu- 
sion is immediate. 

Next we claim that every idempotent of S$ is left central. Let a,b € S',b A lande € E(S). 
Then there exist a, 3,7 € Y such that a € S3,b € Sg and e € E(S,). Write 5 = afy, aba,5 = 
(x,t) € S5, 03.5 = (y, 7) € Ss and e655 = (15,k) € E(S5), we have 


aeb = (a6a,5)(€0y,5)(b9,,5) 
= (x,7)(15,k)(y, J) 
= (2y,j). 
Similarly, eab = (xy, 7). Thus eab = aeb, that is, every element of F(S) is left central. 
To prove that (i) holds, we still need to show that S is a wrpp semigroup. For any 


a = (a, f) € Sg = M, x Ag, we consider the element e = (1.,f) where 1, is the identity 
of M,. Clearly, ea = ae = (a, f) = a. Hence, for any b = (y,g) € Sg = Mg x Ag,c 


(z,h) € S, = M, x A, we assume that (ab, ac) € R, where ab = (160,a8Y98,08; 998,03), aC 
(£6.0,0729y,07,h8),07). By Lemma 2.7, we have a8 = ay. Furthermore, we can deduce 
that (265 wAVOS 06) TO w.0G207,c08) E R, 9968, 0ghOy,.08 = hOy, 8, Oy, 8998,08 = 998,08 Be- 
cause Mag is R-left cancellative monoid, (y6g,.08, 20),a8) € R. On the other hand, eb = 
(YO3,08; 298,08), €C = (204,08, 20,03), then by the definition of R, we can verify that (eb, ec) € 
R. Conversely, if (eb, bc) € R, then (aeb, aec) € R since R is left compatible. It follows that 
(ab, ac) € R, since ae = a. Hence, al**e and ae = a. In fact we have proved that S is a wrpp 
semigroup with left central idempotents. 
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Abstract For any positive integer n, let S,(n) denotes the Smarandache primitive function. 
The main purpose of this paper is using the elementary methods to study the number of 
the solutions of an equation involving the cubic sum of natural numbers and Smarandache 


primitive function, and give its all positive integer solutions. 


Keywords Cubic sum, Smarandache primitive function, equation, solutions. 


§1. Introduction and Results 


Let p be a prime, n be any positive integer. The Smarandache primitive function 5,(n) is 
defined as the smallest positive integer such that S,,(n)! is divisible by p”. For example, $2(1) = 
2, $2(2) = $2(3) = 4, $9(4) = 6,---. In problem 49 of book [1], Professor F.Smarandache asked 
us to study the properties of the sequence {S,(n)}. About this problem, Professor Zhang and 
Liu [2] have studied it, and obtained an interesting asymptotic formula. That is, for any fixed 


prime p and any positive integer n, we have 
S,(n) = (p—1)n+O0(—--inn). 
P Inp 
Li Jie [3] studied the solvability of the equation 


n(n+1 
Sp) + $5(2) +--+ Sp(n) = 8 (MRED), 
and gave its all positive integer solutions. But it seems that no one knows the relationship 
between the cubic sum of natural numbers and the Smarandache primitive function. In this 
paper, we use the elementary methods to study the solvability of the equation 
n?(n+ ~) 


Sp(13) + Sp(23) +--+ + Sp(n?) =8,( ri 
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and give its all positive integer solutions. That is, we will prove the following: 
Theorem. Let p be a prime, n be any positive integer. Then the equation 


ma) 


Sy(19) + $9(28) +--+ S,(n8) = 8, (HE () 


has finite positive integer solutions. 

(i) If p= 2, 5, 11, 13, 17, 29, or 31, then all positive integer solutions of the equation 
(1) aren =1, 2; 

(it) If p = 3, 7, 19, 23, 37, 41, 43, 47, 67, 71, 73, 79, 83, 89 or 97, then all positive 
integer solutions of the equation (1) aren = 1, 2, 3; 

(iit) If p = 53, 101, 103, 107 or 109, then all positive integer solutions of the equation (1) 
aren =1, 2, 3, 4; 

(iv) If p = 59, 61, or 113, then all positive integer solutions of the equation (1) are 
n=1, 2, 3, 4, 5; 

(v) If p > 127, then the equation (1) has finite positive integer solutions. They are 
n=1, 2, --+, np», where np > 1 is a positive integer, and np = pas. [x] denotes the 


largest integer less than or equal to x. 


§2. Several lemmas 


To complete the proof of the theorem, we need the following several simple lemmas. 
Lemma 1. Let p be a prime, n be any positive integer, S,(n) denote the Smarandache 


primitive function, then we have 


=pk, if k<p, 
Sp(k) 
<pk, if k>p. 


Proof. (See reference [4]). 
Lemma 2. Let p be a prime, n be any positive integer, if n and p satisfying p® || n!, then 


Proof. (See reference [5}). 
Lemma 3. Let p be a prime, n be any positive integer, if n > [¥/p], then there must exist 
a positive integer mz with 1 < mz < k? (k =1,2,--- ,n) such that 


Sp(13) = mip, 9,(23)= mop, +++, Sp(n?) = map. 


es >| |. 


Proof. From the definition of S,(n), Lemma 1 and Lemma 2, we can easily get the con- 


and 





MEP 
pi 


clusions of Lemma 3. 


160 Ruiqin Fu and Hai Yang No. 1 





§3. Proof of the Theorem 


In this section, we will complete the proof of Theorem. We discuss the equation $,(1°) + 


2 2 
Sp(23) + «+» + Sp(n3) = Sy mins 


(I) If p = 2, then the equation (1) is 


) in the following five cases: 


So(13) + $2(23) + «+ + So(n3) = 8 (ea) . 





1? x 2? 
(a) Ifn =1, So(1?) =2= So ( ; iF so n = 1 is a solution of the equation (1). 
2? x 37 





(b) If n = 2, So(13) + S2(2?) =2+5x2=12= So ( 
the equation (1). 


i so n = 2 is a solution of 


3 3 3 37(3 +1)? 


40, so n = 3 is not a solution of the equation (1). 


(d) If n > 3, from Lemma 3 we know that there must exist a positive integer mz with 
1< my, < k? (k =1,2,--- ,n) such that 


So(1°) = 2m, So(2°) = 2mMa, sey S2(n°) = 2Mn.- 


then we have $2(13) + S2(23) + ---+ S2(n3) = 2(my + mz +--+ + mn). 
On the other hand, notice that m, = 1,m2 = 5,m3 = 16 , from Lemma 3 we have 


_ 52 ms m Mn vt) 



























































i=1 
= (2 be+++Mn—1)+1 
=> My, m2 Mn 1 3 ms i gi a ) | 
i=2 
(= Lmg+t-:-+mMn | 
= mt+tm Mn —l i 
t=1 
> (my +m +m —1) )+>° [4] + . ‘i 52 S) 
j=1 i=l i=l 





+ (mee So [5 |)+ (mad 2 


> 394 SE] +. +>] el 
i=1 
erty 








i=l 





> 12427438 +-.-4n2 = 


Then from Lemma 2 we can get 


n2(n+41)? 
—_s_ 


| (2(my + m2+-+-+m,) — 1)! 


Vol. 4 An equation involving the cubic sum of natural numbers and Smarandache primitive function 161 





Therefore, 





4 
< 2(m4 +Mg +++ Mn) = So(1°) + So(2°) fete So(n°). 


So (SEE) < 2m, ieee) 1 


So there is no any solutions for the equation (1) in this case. 


Hence, if p = 2, then the equation (1) has only two positive integer solutions, they are 
w= 1,2. 


If p = 5,11, 18,17, 29, 31, then using the same method we can easily deduce that n = 1,2 
are all positive integer solutions of the equation (1). 


(II) If p = 3, then the equation (1) is 


S3(1?) + $3(2°) +--+ +.$3(n®) = $3 (ee , 


1? x 2? 





(a) Ifn =1, $3(1°) =3 = $3 ( ), so n = 1 is a solution of the equation (1). 


92 2 
(b) If n = 2, $3(1°) + 93(23) =3+6x3=21= S3 (=), so n = 2 is a solution of 
the equation (1). 


3? x 4? 





(c) If n = 3, S3(13) + S3(23) + 53(38) = 21+19x 3=78 = S3 ( 


1, son=3isa 
solution of the equation (1). 


3 3 3 3 47(4+1)? 
(d) If m= 4, So(18) + 89(28) +85 (3°) + 59(49) = 78-445 x3 = 213, but Ss (——— ) = 


S3(100) = 204, so n = 4 is not a solution of the equation (1). 


(e) If n > 4, from Lemma 3 we know that there must exist a positive integer mz with 
1 <m, < k? (k =1,2,--- ,n) such that 


53(1°) = 3M], 53(2°) = 3M2, ear 53(n3) = 3Mn- 


then we have $3(1%) + $3(23) + ---+ S$3(n?) = 3(m, + m2 +---+ mz). 


On the other hand, notice that m, = 1, mz = 6, m3 = 19, m4 = 45, from Lemma 3 we 
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have 





s ES + my — mie J 
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neal 





+ (me 3TH) + (mE) 
> 101+ > fm] ao +S P| 











i=1 i=1 
> Ce oe ne eee ee 
4 
Then from Lemma 2 we can get 
n2(n+41)? 
4 


| (3(ma + mg +--+ mn) — 1)! 


Therefore, 





4 
< 3(m, + mg +--+ + mn) = $3(13) + $3(2?) +--+» + $3(n?). 


Ss (MOE) < 36m ee 


So there is no any solutions for the equation (1) in this case. 

Hence, if p = 3, then the equation (1) has only three positive integer solutions, they are 
m= 1,25. 

If p = 7,19, 23, 37, 41, 48, 47, 67, 71, 73, 79, 83, 89,97, then using the same method we can 
easily deduce that n = 1, 2,3 are all positive integer solutions of the equation (1). 

(III) If p = 53, then the equation (1) is 

n?(n +1)? 
S$53(1°) + $53(2°) +--+ + Ss3(n*) = S53 Ge) 
3 1? x 2? ; : 

(a) Ifn = 1, S53(1°) = 53 = Ss3 4 pee 1 is a solution of the equation (1). 

2 
4 





(b) If n = 2, 953(13) + $53(23) = 53+8 x 53 = 477 = S53 ( 

of the equation (1). 
2 42 

(c) If n = 3, S53(1°) + 953(2°) + S53(3°) = 477 +27 x 53 = 1908 = Sp ( : ), son=3 


is a solution of the equation (1). 


) , so n = 2 is asolution 
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A? 57 
(d) If n = 4, S53(1°) + S53(2?) + $53(4°) = 1908 + 63 x 53 = 5247 = S53 ( : i; so 
n = 4 is a solution of the equation (1). 
(e) If n = 5, Ss3(19) + $53(22) + S53(3°) + S53(4°) + S53(5°) = 5247 + 123 x 53 = 11766, 
52(5 + 1)? 
but S53 aos 
(f)If n > 5, from Lemma 3 we know that there must exist a positive integer m, with 
1< m, < k3 (k =1,2,--- ,n) such that 


= 553(225) = 11713, so n = 5 is not a solution of the equation (1). 


553(1°) = 53M, 553(2°) = 538M, SERN a S53(n*) = 53Mn- 


then we have S53(13) + S53(2°) free S53(n°) = 53(m, + mg ee Mn). 
On the other hand, notice that m; = 1, mz = 8, m3 = 27, m4 = 63, ms = 123, from 
Lemma 3 we have 















































= 53° 
_ » |B mz +-+++mn—-1)4 | 
i=l 53° 
O°. [53m + me +--+ + my —1) 452 
y [ee + Mn, | 
= m+tmet---+m,-1+ i 
| 53 


IV 





mim pee) 


(my ma + mg + me + ms —1) +9! a 
w=1 


+ (mmo 3: [Be] #4 (m4 D2 [2a] 
i=1 i=1 
om + $e] 5 SM 

2, 53 De 53 


i=l 

















S Pap eet ice ys Oe 
— 4 
Then from Lemma 2 we can get 


n2(n+1)? 


5300 4 | (538(my + me +--+ mp) — L!. 





Therefore, 


4 
< 53(m4 +M2 Feet Mn) = S53 (1°) + S53 (2°) Spee S53(n?). 


2 1)? 
S53 (ee) < 53(m1 +me2 +--+ +my)-—1 


So there is no any solutions for the equation (1) in this case. 

Hence, if p = 53, then the equation (1) has only four solutions, they are n = 1,2,3,4. 

If p = 101, 103, 107, 109, then using the same method we can easily deduce that n = 1, 2,3,4 
are all positive integer solutions of the equation (1). 
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(IV) If p = 59 then the equation (1) is 


S59(1?) + S59(2?) +--+ + Se9(n®) = So (Pent) | 


Ey 
(a) If n =1, S59(17) = 59 = Soo (—), so n = 1 is a solution of the equation (1). 





92 32 
(b) If n = 2, S59(1?) + S59(23) = 59+ 8 x 59 = 531 = S59 ( : ), so n = 2 is a solution 
of the equation (1). 





2 42 
(c) If n = 3, S59(1°) + S59(2°) + S59(3°) = 531 +27 x 59 = 2124 = Soo € ; | son = 


is a solution of the equation (1). 





4? 2 
(d) If n = 4, Ss9(1?) + Ss9(23) + Ss9(4°) = 2124 + 63 x 59 = 5841 = Srq ( 2 ), so 


n = 4 is a solution of the equation (1). 


(e) If n = 5, Ss9(1?) + S59(23) + 959(4°) + S59(5°) = 5841 + 123 x 59 = 13098 
52 


62 
S59 ( - ), so n = 5 is a solution of the equation (1). 





(f) If n = 6, S59(1) + S59(23) + S59(3?) + S59 (4?) + Ss9(5%) + S59 (62) = 13098 + 213 x 59 
2 1 2 
25665, but Sso ee 


ri ) = S59(441) = 25606, so n = 6 is not a solution of the equation 
(1). 


(g) If n > 6, from Lemma 3 we know that there must exist a positive integer m; with 
1< mp < k? (k =1,2,--- ,n) such that 


Ss9(1°) =59m1, 959(2°) = 59m, +--+, S59(n®) = 59mn. 


Then we have S59(13) + S59(2°) af ee S59(n°) => 59(m4 +m tree + Mn). 


On the other hand, notice that m, = 1,m2 = 8,m3 = 27,m4 = 63,ms5 = 123, m6 = 213, 
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from Lemma. 3 we have 


_ aE mt mab tr 1) +98) 
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i=1 
> 134934334 43453463 4...4 nea Met 
piel T T T T T T T — 4 
Then from Lemma 2 we can get 
59° a | (59(m, + mg+-+-+m,) — I!. 


Therefore, 


4 
< 59(m4 +M +e + Mn) = S59(1°) + S59(2°) ein S59(n°). 


2 1)? 
Ss9 (ee) < 59(m1 + me +--+ +my)—1 


So there is no any solutions for the equation (1) in this case. 

Hence, if p = 59, then the equation (1) has only five positive integer solutions, they are 
n= 1,2,3,4,5. 

If p = 61,113, then using the same method we can easily deduce that n = 1,2,3,4,5 are 
all positive integer solutions of the equation (1). 

(V) If p > 127, then we will discuss the problem in the following cases: 


2 1 2 
(a) If mins < p, solving this inequality we can get 1 <n < np, and 
V/8/p+1—-1 
p — 2 


where [2] denotes the largest integer less than or equal to x, then 


5, ee ~) Z a“ eS 
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Noting that np < [¢/p] <p, so if 1 <n < mp, then n° < p, now we have 


2 2 
+1 
Sel") rE sae) ap eee Sp(n*) => 13p + 23 feeet n?p =_ mins. 
Combining above two formulae, we may immediately get n = 1,2,--- ,n, are all poaitive integer 
2 1 2 
solutions of the equation S,(1°) + $,(23) +--+ + S,(n3) = Sp (ee). 


(b) If np <n < [¥p], that is 


2 1)? 
mins” S pand n® <p, so we have 





P; 


5, Gs 4 ) , as 1)? 





but S,(13) +.9,(23) +---+ S,(n3) = p+ 23p+---+n3p= ey Hence the equation (1) 
has no solution in this case. 
(c) If n > [3p] +1, let [ep] = t, then we can get n° > p, t > 5. So from Lemma 3 we 




































































know that there must exist a positive integer m, with 1 < m,; < k? (k =1,2,--- ,n) such that 
S,(19) = ™1Pp, 2") =™2p, *"", Sp(n*) = MnP, 
then we have S,(1°) + S,(2°) +--+ S,(n?) = (my + mg +--+ +my)p. 
(t+1)? 
On the other hand, notice that m , = 13, m2 = 23,--- ,m, =t? and a ae 1>p, we 
have 
w=1 pr 
= >) [ete -+my,—1)+p 7 
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Then from Lemma 2 we can get 


n2(n+1)? 
a 





| (m1 + m2+-+++mn)p— 1). 
Therefore, 


n?(n+1)? 
5, (Sere 


< (my +m2+--++mn)p = Sp(1?) + Sp(2?) + +++ + Sp(n?). 


) s(n ting + gp = 1 


From the above, we can deduce that if p > 127 and n > [¥/p] + 1, then the equation (1) 
has no solution . 
Now our Theorem follows from (I), (II), (III), (IV) and (V). 
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Abstract The concept of Smarandache isotopy is introduced and its study is explored for 
Smarandache: groupoids, quasigroups and loops just like the study of isotopy theory was 
carried out for groupoids, quasigroups and loops. The exploration includes: Smarandache; 


isotopy and isomorphy classes, Smarandache f, g principal isotopes and G-Smarandache loops. 


Keywords Smarandache, groupoids, quasigroups, loops, f, g principal isotopes. 


81. Introduction 


In 2002, W. B. Vasantha Kandasamy initiated the study of Smarandache loops in her book 
[12] where she introduced over 75 Smarandache concepts in loops. In her paper [13], she defined 
a Smarandache loop (S-loop) as a loop with at least a subloop which forms a subgroup under the 
binary operation of the loop. For more on loops and their properties, readers should check[11], 
(1], [3], [4],[5] and [12]. In [12], Page 102, the author introduced Smarandache isotopes of loops 
particularly Smarandache principal isotopes. She has also introduced the Smarandache concept 
in some other algebraic structures as [14][15][16][17][18][19] account. The present author has 
contributed to the study of S-quasigroups and S-loops in [6], [7] and [8] while Muktibodh [10] 
did a study on the first. 

In this study, the concept of Smarandache isotopy will be introduced and its study will 
be explored in Smarandache: groupoids, quasigroups and loops just like the study of isotopy 
theory was carried out for groupoids, quasigroups and loops as summarized in Bruck [1], Dene 
and Keedwell [4], Pflugfelder [11]. 


§2. Definitions and notations 


Definition 2.1. Let LZ be a non-empty set. Define a binary operation (-) on L: If 
xc ye LV «ye L, (L,-) is called a groupoid. If the system of equations ; a-« = band y-a=b 
have unique solutions for z and y respectively, then (L,-) is called a quasigroup. Furthermore, if 
there exists a unique element e € L called the identity element such that Vz € L,aw-e=e-xv=42, 
(L,-) is called a loop. 

If there exists at least a non-empty and non-trivial subset M of a groupoid(quasigroup 
or semigroup or loop) LE such that (M,-) is a non-trivial subsemigroup(subgroup or subgroup 
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or subgroup) of (L,-), then L is called a Smarandache: groupoid(S-groupoid) (auasigroup(S- 
quasigroup) or semigroup(S-semigroup) or loop(S-loop) with Smarandache: subsemigroup(S- 
subsemigroup) (subgroup(S-subgroup) or subgroup(S-subgroup) or subgroup(S-subgroup) ) M. 

Let (G,-) be a quasigroup(loop). The bijection L, : G — G defined as yL, = x-yVx,yEG 
is called a left translation(multiplication) of G while the bijection R, : G — G defined as 
yR, =y- «Vv 2,y € G is called a right translation(multiplication) of G. 

The set SY M(L,-) = SY M(L) of all bijections in a groupoid (L,-) forms a group called 
the permutation(symmetric) group of the groupoid (Z,-). 

Definition 2.2. If (Z,-) and (G,o) are two distinct groupoids, then the triple (U,V, W) : 
(L,-) > (G,o) such that U,V,W : L > G are bijections is called an isotopism if and only if 


tU oy =(a-yWYV 2,ye L. 


So we call L and G groupoid isotopes. If L = G and W = I(identity mapping) then (U,V, J) 
is called a principal isotopism, so we call G a principal isotope of L. But if in addition G is a 
quasigroup such that for some f,g €¢ G, U = R, and V = Ly, then (R,, Ly, I) : (G,-) — (G,9) 
is called an f,g-principal isotopism while (G,-) and (G,o) are called quasigroup isotopes. 

If U = V = W, then U is called an isomorphism, hence we write (L,-) = (G,o). A loop 
(L,-) is called a G-loop if and only if (L,-) © (G,o) for all loop isotopes (G,o) of (Z,-). 

Now, if (Z,-) and (G,o) are S-groupoids with S-subsemigroups L’ and G’ respectively such 
that (G’)A = L’, where A € {U,V,W}, then the isotopism (U,V, W) : (L,-) — (G,0) is called 
a Smarandache isotopism(S-isotopism). Consequently, if W = I the triple (U,V, J) is called a 
Smarandache principal isotopism. But if in addition G is a S-quasigroup with S-subgroup H’ 
such that for some f,g €¢ H, U = R, and V = Ly, and (Ry, Ly7,1) : (G,-) — (G,°) is an 
isotopism, then the triple is called a Smarandache f, g-principal isotopism while f and g are 
called Smarandache elements(S-elements). 


Thus, if U = V = W, then U is called a Smarandache isomorphism, hence we write (L,-) = 
(G,o). An S-loop (Z,-) is called a G-Smarandache loop(GS-loop) if and only if (Z,-) = (G,o) 
for all loop isotopes(or particularly all S-loop isotopes) (G,o) of (Z,-). 

Example 2.1. The systems (L,-) and (L,*), L = {0,1,2,3,4} with the multiplication 
tables below are S-quasigroups with S-subgroups (L’,-) and (L”,*«) respectively, L’ = {0,1} 
and L” = {1,2}. (Z,-) is taken from Example 2.2 of [10]. The triple (U,V, W) such that 


1 3°«4 1 3°44 
U= ,V= and W = 
1 2 3 4 0 1 2 0 3 


are permutations on L, is an S-isotopism of (L,-) onto (L,*). Notice that A(L’) = L” for all 
A€é{U,V,W} and U,V,W: L’ > L” are all bijcetions. 
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3/-4},2;,0],143 3/0); 4), 3] 1) 2 
4}°2/3)4)0]1 4}}2/;3])0)4 1 
























































Example 2.2. According to Example 4.2.2 of [15], the system (Z¢, xg) ie the set L = Ze 
under multiplication modulo 6 is an S-semigroup with S-subgroups (L’, xg) and (L”, xg), L’ = 
{2,4} and L” = {1,5}. This can be deduced from its multiplication table, below. The triple 
(U,V,W) such that 


0 12 3 4 5 0 12 3 4 5 0 12 3 4 
U= ,V= and W = 
43 5 12 0 1 3 2 4 5 O 1 0 5 


are permutations on L, is an S-isotopism of (Ze, x6) unto an S-semigroup (Z¢,*) with S- 
subgroups (L’”,*) and (L/"",*), L/” = {2,5} and L’”” = {0,3} as shown in the second table 
below. Notice that A(L’) = L'’” and A(L”) = L’” for all A € {U,V,W} and U,V,W : L’ > L’” 
and U,V,W : L” > L"” are all bijcetions. 








































































































Xe || O; 1) 2),3) 445 * 1 O)1)2)3)4)5 
0 0;0;0}]0}]01]0 OF O;1/2/3)4)]5 
1 O;1);2})3)4)]5 1] 4)i);1)4)]4)] 1 
2 0;2);4)0);2)4 2} 5})/1/5)72)/142 
3 0;3;/0}]3]0)]38 3/3}, 1/5;/0),4)]2 
4 70,;,4]2/0]4)2 4} 1} i};iyiy iyi 
5 0;5/4}3},2)]1 Sf 2; 1), 2)75)1)45 








Remark 2.1. Taking careful look at Definition 2.2 and comparing it with Definition 
4.4.1[12], it will be observed that the author did not allow the component bijections U,V and 
W in (U,V,W) to act on the whole S-loop L but only on the S-subloop(S-subgroup) L’. We 
feel this is necessary to adjust here so that the set L — L’ is not out of the study. Apart from 
this, our adjustment here will allow the study of Smarandache isotopy to be explorable. There- 
fore, the S-isotopism and S-isomorphism here are clearly special types of relations(isotopism 
and isomorphism) on the whole domain into the whole co-domain but those of Vasantha Kan- 
dasamy [12] only take care of the structure of the elements in the S-subloop and not the S-loop. 
Nevertheless, we do not fault her study for we think she defined them to apply them to some 
life problems as an applied algebraist. 
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§3. Smarandache Isotopy and Isomorphy classes 


Theorem 3.1. Let 6 = { (Gu,0u)$ F be a set of distinct S-groupoids with a corre- 
we 


sponding set of S-subsemigroups §) = 4 (Hu, ow) o Define a relation ~ on 6 such that for 
we 


all (Gu,,°w;) » (Gu,;,ow,) € 6, where u;,w; € 2, 
(Gus;s Ow: ) ~ GO rizs Sans) => (Gisjy Sun) and (Giszs Ow) are S-isotopic. 


Then ~ is an equivalence relation on 6. 
Proof. Let (GaiOe.) pC pesthe J (Gare Oa) € 6, where w;,w;, we € 1. 


Reflexivity If I : G., — Gu, is the identity mapping, then 


al oy, yl = (xo, y)IV t,y € Gz, => the triple (I,I,D) : (Gu,,w,;) 4 (Gu; ow) 


is an S-isotopism since (Hy,)I = Hw, V wi € 2. In fact, it can be simply deduced that 


a 


every S-groupoid is S-isomorphic to itself. 
Symmetry Let (Gu,,ow,) ~ (Gu;,w,;). Then there exist bijections 
U,V,W : (Gus) —> (Gu,;,%,) such that (H,,)A = Hy, V Ae {U,V,W} 


so that the triple 
a= (U, V, W) : (Gor Ow;) —* (Gus | 


is an isotopism. Since each of U,V, W is bijective, then their inverses 
U,V41wi: (Gu; +°w;) — (Gos, Sax) 


are bijective. In fact, (H..,)A~’ = Hu, V A € {U,V,W} since A is bijective so that the 
triple 





amt = (U7*, V4, We) t (Gay, 0wy) —> (Gui wr) 
is an isotopism. Thus, (Gu,,ow,) ~ (Gu; w;): 
Transitivity Let (G.,,0.,) ~ (Gu,;,ew,) and (Gu,,ow,) ~ (Ga,,w,)- Then there exist 
bijections 
U1,Vi,Wi : (Ga,sw;) —? (Gu; w,;) and Uz,V2,We : (Gu,,0w;) —? (Guys wx) 
such that (H.,,)A = H., VA € {U1,Vi, Wi} 
and (H.,,)B = Hu, V B € {U2, V2, W2} so that the triples 
ay = (U1,Vi,Wi) : (Ga, ow;) — (Gu;,w;) and 
az = (Uz, V2,W2) : (Gu,,0%;) — (Guy, wx) 


are isotopisms. Since each of U;,V;,W;, 1 = 1,2, is bijective, then 


U3 = U1U2, V3 = ViV2,W3 = WiW2 : (Gu,,0w;) —> (Guy, Owe) 
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are bijections such that (Hu,) As = (Hu,) Ar Ae = (H.,) Ao = H.,, so that the triple 
Og = 04.09 = (Us, Va,Wa) = (Girgs Oca.) —> (Guns ue) 
is an isotopism. Thus, (Gch Seg) ~ Care 


Remark 3.1. As a follow up to Theorem 3.1, the elements of the set 6/ ~ will be referred 
to as Smarandache isotopy classes(S-isotopy classes). Similarly, if ~ meant ”S-isomorphism” in 
Theorem 3.1, then the elements of 6/ ~ will be referred to as Smarandache isomorphy classes(S- 
isomorphy classes). Just like isotopy has an advantage over isomorphy in the classification of 
loops, so also S-isotopy will have advantage over S-isomorphy in the classification of S-loops. 

Corollary 3.1. Let Ly, SL, and NSCL,, be the sets of; all finite loops of order n; all finite 
S-loops of order n and all finite non S-loops of order n respectively. 

1. If A? and B? represent the isomorphy class of £,, and the S-isomorphy class of SL, 
respectively, then 

(a) |SLn| + INSLr| = [Lnl; 

(i) |[SL5| + |WSL5| = 56, 

(ii) |SL_| + |MSL6| = 9, 408 

(iii) |SL7| + |MSLz| = 16, 942, 080. 
(b) IWSLal =) 7 P| — Do 1BPL 


i=1 i=l 
6 
i) INSL5| = $7 |A?| — 0 1B? 
w=1 i=l 
109 
(ii) INSLo| = $7 AP] — $7187 | 
i=l i=1 
23,746 


(iii) IVSL7| = De [Ag = > Bi 


2. Tf 2” and 8B? fence the Boksun class of £, and the S-isotopy class of SL, respec- 


INSLal = S_ ae] — 5 |B? |; 
4=1 t=1 


tively, then 


2 


(i) INSL5| = 57127] — 50187, 


I= a i=l 


(ii) IVSLe| = Sia - S  |88| and 


or 


(iii) |INSLz| = 2, |2.7| — ae |B" |. 


Proof. An S- ep; is an S- pioupOil Thus by Theorem 3.1, we have S-isomorphy classes and 
S-isotopy classes. Recall that |Ln| = |SLn| + |NSLn| — |SLnQNSLn| but SLrzNNSLrn = 
so |Ln| = |SLn| + |NSL,|. As stated and shown in [11], [15], [2] and [9], the facts in Table 1 
are true where n is the order of a finite loop. Hence the claims follow. 

Question 3.1. How many S-loops are in the family £,,? That is, what is |SL,,| or |VSL,,. 
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Theorem 3.2. Let (G,-) be a finite S-groupoid of order n with a finite S-subsemigroup 
(H,-) of order m. Also, let 


ISOT(G,-), SESOT(G,-) and NSTSOT(G,-) 
be the sets of all isotopisms, S-isotopisms and non S-isotopisms of (G,-). Then, 
TSOT(G,-) is a group and STSOT(G,-) < ITSOT(G,-). 

Furthermore: 

1. |ZSOT(G,-)| = (n))3; 

2. |SITSOT(G, -)| = (m!)3; 

3. |NSISOT (G,-)| = (n!)3 — (m!)?. 

Proof. 
1. This has been shown to be true in [Theorem 4.1.1, [4]]. 


2. An S-isotopism is an isotopism. So, STSOT(G,-) C TSOT(G,-). Thus, we need to just 
verify the axioms of a group to show that STSOT(G,-) < ISOT(G,-). These can be 
done using the proofs of reflexivity, symmetry and transitivity in Theorem 3.1 as guides. 
For all triples 


a € STSOT(G,-) such that a = (U,V,W) : (G,-) — (G,°), 


where (G,-) and (G,o) are S-groupoids with S-subgroups (H,-) and (K,o) respectively, 


we can set 
U' :=U|y, V' := Vy and W' := W|y since A(H) = K V A € {U,V,W}, 


so that STSOT(H,-) = {(U’,V',W’)}. This is possible because of the following argu- 


ments. 


Let 
mel = fla | f:G—G, f:H — K is bijective and f(H) = Kh. 


Let 
SY M(H, K) = {bijections from H unto K}. 





n 5 6 7 

Gal 56 | 9,408 | 16, 942, 080 
{AP}*_, || k=6 | k= 109 | k = 23,746 
{urim, | m=2| m=22) m=564 
































Table 1: Enumeration of Isomorphy and Isotopy classes of finite loops of small order 


174 Temitdépé Gbéléhan Jafyéolé No. 1 





By definition, it is easy to see that X C SYM(H,K). Now, for all U € SYM(H,k), 
define U : H° —> K*sothat U : G — Gis a bijection since |H| = |K| implies 
|H¢| =|K¢|. Thus, SY M(H, K) C X so that SY M(H, K) = X. 


Given that |H| = m, then it follows from (1) that 


|ZSOT(H,-)| = (m!)? so that |STSOT(G, -)| = (m!)? since SY M(H, K) = X. 


NSISOT(G,:) = (SISOT(G,:))°. 


So, the identity isotopism 
(I,I,1) ¢ NSTSOT(G,-), hence NSTSOT(G,-) £ TSOT(G,-). 


Furthermore, 


INSISOT(G,-)| = (n!)® — (mb). 


Corollary 3.2. Let (G,-) be a finite S-groupoid of order n with an S-subsemigroup (H,-). 
If ZSOT(G,-) is the group of all isotopisms of (G,-) and S;, is the symmetric group of degree 
n, then 
TSOT(G,-) = Sn x Sn X Sy. 
Proof. As concluded in [Corollary 1, [4]], ZSOT(G,-) = S, x S, x Sp. Let PISOT(G,-) 


be the set of all principal isotopisms on (G,-). PZSOT(G,-) is an S-subgroup in ZSOT(G,-) 
while S,, x S,, x {I} is an S-subgroup in S, x S, x Si. If 


Y : TSOT(G,-) — S, x S, x Sy, is defined as 


T((A, B,D) =< A,B,I > V (A,B,1) € ISOT(G,,), 
then 
T(PISOT(G, ) =5,* & x {Th 4 FSOT(G,) = 8, «8, «Sa: 


§4. Smarandache f/f, g-Isotopes of Smarandache loops 


Theorem 4.1. Let (G,-) and (H,*) be S-groupoids. If (G,-) and (H,*) are S-isotopic, 
then (H,*) is S-isomorphic to some Smarandache principal isotope (G,°) of (G,-). 

Proof. Since (G,-) and (H,*) are S-isotopic S-groupoids with S-subsemigroups (Gj, -) 
and (H,*), then there exist bijections U,V,W : (G,-) — (H,*) such that the triple a = 
(U,V,W) : (G,-) > (4,*) is an isotopism and (G,)A = H) V A € {U,V,W}. To prove 
the claim of this theorem, it suffices to produce a closed binary operation ’*’ on G, bijections 
X,Y : G—G, and bijection Z : G— HF so that 


e the triple 6 = (X,Y,I) : (G,-) — (G,°) is a Smarandache principal isotopism and 


e Z : (G,o) — (H,*) is an S-isomorphism or the triple y = (Z,Z,Z) : (G,o) > (AH, *) is 
an S-isotopism. 
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Thus, we need (G,o) so that the commutative diagram below is true: 


(G,-) CH, *) 


—> 
isotopism 
6 


Y | isomorphism 
principal isotopisn? 


(G,°) 


because following the proof of transitivity in Theorem 3.1, @ = 3y which implies (U, V, W) = 
(XZ,YZ, Z) and so we can make the choices; Z = W, Y = VW~1, and X = UW~! and con- 
sequently, 


zr -y=2UW toVW! => roy=2WU') -yWV 1 V a,yeG. 


Hence, (G,0) is a groupoid principal isotope of (G,-) and (H,*) is an isomorph of (G,o). It 
remains to show that these two relationships are Smarandache. 

Note that ((H,)Z~1,0) = (Gi,0) is a non-trivial subsemigroup in (G,o). Thus, (G,o) is 
an S-groupoid. So (G,o) = (H, *). (G,-) and (G, 0) are Smarandache principal isotopes because 
(G))UW-! = (H,)W-! = (H,)Z-1 = Gy and (G,:)VW-! = (A1)W-! = (My) Z- = Gy. 

Corollary 4.1. Let (G,-) be an S-groupoid with an arbitrary groupoid isotope (H, *). 
Any such groupoid (H,*) is an S-groupoid if and only if all the principal isotopes of (G,-) are 
S-groupoids. 

Proof. By classical result in principal isotopy [[11], III.1.4 Theorem], if (G,-) and (H, *) are 
isotopic groupoids, then (H, *) is isomorphic to some principal isotope (G, o) of (G,-). Assuming 
(H, *) is an S-groupoid then since (H,*) = (G,o), (G,o) is an S-groupoid. Conversely, let us 
assume all the principal isotopes of (G,-) are S-groupoids. Since (H, *) = (G,o), then (H, *) is 
an S-groupoid. 

Theorem 4.2. Let (G,-) be an S-quasigroup. If (H,*) is an S-loop which is S-isotopic to 
(G,-), then there exist S-elements f and g so that (H,*) is S-isomorphic to a Smarandache f,g 
principal isotope (G,o) of (G,-). 

Proof. An S-quasigroup and an S-loop are S-groupoids. So by Theorem 4.1, (H,»*) is 
S-isomorphic to a Smarandache principal isotope (G,o) of (G,-). Let a = (U,V,I) be the 
Smarandache principal isotopism of (G,-) onto (G,o). Since (H,*) is a S-loop and (G,o) = 
(H, x) implies that (G,o) & (H, *), then (G,o) is necessarily an S-loop and consequently, (G, 0) 
has a two-sided identity element say e and an S-subgroup (G2,0). Let a = (U,V,I) be the 
Smarandache principal isotopism of (G,-) onto (G,o). Then, 


aU oyV=a-yVa,yeGe> roy=aU }-y'V2,yeG. 
So, 
y = eoy = eU 1 -yV—! = yw Ley-1 Vy € Gand = roe = tU—}-eV-! = 2U 1 R,y-1 V2 € G. 


Assign f = eU~',g = eV~! € Gy. This assignments are well defined and hence V = Ly and 
U = R,. So that a = (R,, L,I) is a Smarandache f,g principal isotopism of (G,o) onto (G,-). 
This completes the proof. 
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Corollary 4.2. Let (G,-) be an S-quasigroup(S-loop) with an arbitrary groupoid isotope 
(H,*). Any such groupoid (H,*) is an S-quasigroup(S-loop) if and only if all the principal 
isotopes of (G,-) are S-quasigroups(S-loops). 

Proof. This follows immediately from Corollary 4.1, since an S-quasigroup and an S-loop 
are S-groupoids. 

Corollary 4.3. If (G,-) and (H,*) are S-loops which are S-isotopic, then there exist S- 
elements f and g so that (H,*) is S-isomorphic to a Smarandache f,g principal isotope (G, 0) 
of (G,-). 

Proof. An S-loop is an S-quasigroup. So the claim follows from Theorem 4.2. 


§5. G-Smarandache loops 


Lemma 5.1. Let (G,-) and (H,*) be S-isotopic S-loops. If (G,-) is a group, then (G,-) 
and (H,*) are S-isomorphic groups. 

Proof. By Corollary 4.3, there exist S-elements f and g in (G,-) so that (H,*) = (G,o) 
such that (G,o) is a Smarandache f,g principal isotope of (G,-). 

Let us set the mapping 7 := Ryr.g = Rtg : G— G. This mapping is bijective. Now, 
let us consider when Ww := Ryg : (G,-) — (G,o). Since (G,-) is associative and roy = 
wR” : yL5* Va,y € G, the following arguments are true. 

apoyp =a~Ri'- ypL;' =aR;ygRj'-yRple' =a: fg-g'- fy fg=a-y: fg= 
(x-y)Rypg = (x-y)WV 2,y € G. So, (G,-) = (G,o). Thus, (G, 0) is a group. If (G1,-) and (G1, 9°) 
are the S-subgroups in (G,-) and (G,o), then ((G1,-))Ryg = (Gi, 0). Hence, (G,+) = (G,°). 

*. (G,-) = (A, *) and (H, *) is a group. 

Corollary 5.1. Every group which is an S-loop is a GS-loop. 

Proof. This follows immediately from Lemma 5.1 and the fact that a group is a G-loop. 

Corollary 5.2. An S-loop is S-isomorphic to all its S-loop S-isotopes if and only if it is 
S-isomorphic to all its Smarandache f,g principal isotopes. 

Proof. Let (G,-) be an S-loop with arbitrary S-isotope (H,*). Let us assume that 
(G,-) = (A,*). From Corollary 4.3, for any arbitrary S-isotope (H, *) of (G,-), there exists a 
Smarandache f,g principal isotope (G,0) of (G,-) such that (H, *) = (G,o). So, (G,-) = (G,°). 

Conversely, let (G,-) = (G,o), using the fact in Corollary 4.3 again, for any arbitrary S- 
isotope (H, «) of (G,-), there exists a Smarandache f,g principal isotope (G,o) of (G,-) such 
that (G,o) = (H,x). Therefore, (G,-) = (H,*). 

Corollary 5.3. A S-loop is a GS-loop if and only if it is S-isomorphic to all its Smarandache 
f,g principal isotopes. 

Proof. This follows by the definition of a GS-loop and Corollary 5.2. 
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